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ON PERMANENT VECTOR-YARIETIES IN n DIMENSIONS *

By L. A. SANTALO
Universidad de La Plata, Argentina

1. Introduction. J. L. Sy~xet has recently given a generalization
to tho euclidean space of n dimensions of Zorawskr’s condition for the
permanence of vector-lines in a moving fluid [2] (see also Prim and
TrUESDELL [1]).

The purpose of this note is to consider the more general case in
which instead of vector-lines we have varieties of dimension X1
defined by certain vector fields. We obtain a necessary and sufficient
condition for the permanence of these r-dimensional vector-varieties in
a moving fluid. The method we follow is analogous to that of SyNgE.

We consider the euclidean n-space E, with cartesian coordi-
nates ‘. A set of r vectors ¢;,cs, - ¢, define a r-vector

Y=[61,02, vee ,C,.]
whose components are

i 1 7
Cn' er ¢
Ctg' 612’- . c;r
Yébde | (1,'1,1:2,...,-ir=1,2,...,/n).
i 1,
cr’ c;. c:r

We say that a multivector is equal zero, Y=0, when its compo-
nents all vanish. The components of the vector c, are denoted
by ex(¢=1,2,.--,n).

Throughout the paper greek indices are supposed to take the
values 1,2,...,7 and latin indices 1,2, ... n. The summation con-
ventions is also used throughout the paper.

* Received August, 1951.
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2. The theorem. Let ¢, (x,t), v(x,t) be r+1 vector fields
given in the euclidean n-space E, depending upon the time . The
vector field v plays the part of velocity. Let cs, v be the components
of these vectors.

Let V, be a r-dimensional variety which moves whit the fluid, that
is, formed always of the same particles. Let

@ x'=f(91,9‘3,-..6",t)
be the parametric equation of V, which depends upon ¢. The para-
meters 6% remain constant as we follow a particle.
We have '
dJ 0

T e

where 1, are r linearly independent vectors tangent to V,.

If the vectors ¢, at the points of V, are all tangent to V, we say
that V, is a vector-variety. The necessary and sufficient conditions
that V, should be a vector-variety at the time ¢ are

@) o= Aspep

where A,g are scalar factors (functions of = and ¢). Since the vectors c,
are assumed linearly independent and according to the definition (2)
the vectors 1, are also linearly independent, we have

4 det| Aup|5-0.
If we define the multivectors
(5) Y1=[).1,01,62,"'c1-}, a=1,2,--',7"

the conditions (3) are equivalent to Y,=0.
Following the way of SyneE [2], we must examine how Y, chaage
as we move with the fluid, their rate of change being 0Y./ot.

We write
(6) Co(@,t) =g.(8,t) when ax=f(0",6%...,07,1)
and
(M) You(8,8)="[la,91,92, 9]+

We have '
(8) 09a/0t = €a,1 V¥ + dCafdt

o /df 0 k

9 a)t t)t = - == Aa
( ) a/ ot <06“> 36% v Usk

where the comma denotes partial differentiation.
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Then from (7) and (5) we deduce
()Ya ) a)‘l - a ¢} i
ot =["a_tsclac2:"‘7cf'J +20|:)‘a7617"' 3 Ca-1, (;qt sCotry - JCTJ
and according to (2), (3), (8) and (9),
0Y,
ot

oc
+ E[Aaﬁcﬁacl’"':00-17c°:"vk+ ()—tc’c”-“.“,cr:l
a

= [Agsvict,c1,-00 0]+

) 0¢Cs
= [Aac'v,kclé,Cl, "',Cr]“‘AacliCu‘kvk—}—E,C‘,Cg,"',Cr

= Ay ,:‘v,kcg — € V* — i’iﬁ Gy ey CTJ = Ays Zis
where Z, is the (r+1)-vector
Joc¢
(10) 2o = I:'U}k c]; - o UF — ”d‘f 5CLy ey cr] .

Having into account (4) the conditions AasZs=0 implie Zs;=0.
Consequently Z,=0 are necessary conditions for the permanence of
the vector-varieties defined by the vector fields c,. They are also
snfficient, since if they hold the conditions Y,=0 (necessary in order
that the vector fields c, define vector-varieties) implie 9Y,/9t=0.

Hence we have proved the following theorem

If r vector fields c, define r-dimensional vector-varieties, then a
necessary and sufficient condition for the permanence of these vector-
-varieties s that the multivectors (10) shall be equal zero, that s,

¢
[v,hc’;—cu,kv"——%,cl,-n,c,:lzo (e=1,2,...,7).

For r=1 we get the result of SyNGE.
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