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1. Introdaction. In an n-dimensional spaoe with several affine oonneotions TiJ 
(a = 1, 2, 3, ...) it is possible to defíne oertain tensors analogous to the ordinary ourvature 
tensor. They may be obtained as ooeiBoients of the generalized Biooi identities of the clas-
sioal Biemannian geometry, as was done by the present author in a previous paper (Stantaló, 
1954). Recently, foUowing a similar way, Sen (Sen, 1964) has obtained new tensors and new 
quantities, whioh he applies to get generalized forms of the equations of the uniñed field theory 
of Einstein, as developed by Hlavaty (Hlavaty, 1957). 

In the present paper we consider especially the case of two conneotions T , T and 
obtain several tensors (among them those of Sen) and oertain properties of these tensors. 

2. Generalized Govaiiant Differentiatioit. Let Athea. covariant vector in an 
n-dimensional space in which several affine connections "FÍ} (a = 1, 2, 3, ...) are given. 
We shall set throughout the paper 

•TíJ = T¡\. (2.1) 

The covariant derivative of Ai with respect to T is 

At-¡ = Au¡-^Ti'A, (2.2) 
1 

where a semi-colon indicates covariant differentiation and a oomma ordinary partial 
differentiation. 

A further covariant differentiation, first with respect to *r and then with respect 
to »r yields 

• -*T,T!(Ai,m-^T\^,). (2.3) 

Analogously we have 

Ai\xi = (Ai, »^-«rj*. i A»-*T\A„ ^)-»rj5(.4«, H-*Vl^,) 

" -*r^ (Ai, „ - T}«^.). (2.4) 

From (2.3) and (2.4) we deduce 

Ai;^H-At;,j = A,(*ru,i-'^„ »+irvrir-*rwrír 
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In order to set the rigbt member as a sum of tensors, we put 

A,, ^ = Ai-, m+'í'imA,, A^,, = A^; Í+^]\J A„ A„, * = A^; j + T J ^ A, (2.6) 
7 8 » 

and we get the foUowing generalized identities of Biooi 

Aila-Af, ^ = A,Q\j,Al, 2 9 )+^ , ; ^(TJJ-TJS) 

+A^; i(*rTH-*n)+A„; ACrjJ-'rg) (2.7) 
where • » 

Q\j,(i, 2..... 9) = «rtk, y-»py, »+>rv*r,?-*rv»»r?j+ir4»r;x 
-*rí«.T)S+'r^ (·rri-»r;j)+''r„}(«rs;-«rs{)+»r%A(»rí}-»r?5). (2.8) 

From (2.7) it is olear that ÇĴ * (1, 2 9) is a tensor for any «r(a = 1, 2 9). 

Prooeeding in like manner with a contra variant vector A* we get the same formula 
(2.7) with the tensor 

*eíi*(i. 2 9) = «r?„^-T,}. *-»rwr;5+'r<;;.»rf»+»rvrs} 
-*r,i;,«r¡5+(Ti;.^-''r;;,^)»rs;+(»ru-*r{;,j) ''r,j«+'rf«(«r¡!5-»rfA) (2.9) 

inatead of (2.8). 

Henee we have the following theorem 

Theorem. In order that the genertUized covariant difftrerUiation of all vectora with reapect 
to the connectiona T (a = 1, 2, ..., 6) taken in the order indicated in the lefl aide of (2.7) be com-
mutative, it is neceaaary and aufficient that 

*r = »r, »r = »r, «r = » T (2.10) 
and that 

^»(1,2,3) = ^^»(1,2,3,2,1,3',7,8,9) = 0, (2.11) 

where the tenaora i2fjA(l> 2, 3) have the form 

Bti,{i. 2.3) = «n».^->ny.*+^rvrs;-TjLATj;+(ia.-«r};,)TjS. (2.12) 
3. The Gase of two Goimections. Let us oonsider the case of a spaoe with only 

two oonneotions T , ^F. We wish to write down all possible tensors (2.8) where the indice» 
1, 2 9 most be either a or 6. In order to do that we introduce the following tensors 

•5Í, = 'n-'^h 'Si, = »r{,-»r},. Tif = TUa, b) = Tíí-^ri, (s.i) 
üW«. 6; c) = ·ríw-»n^.»+»rv,·ra-·ru»r{j-2'j^<'r,·íj (3.2) 

where e oan have the vàlues a, b, a', b' (2.1). 

Notice that 

Sij^ia, a; o) =- Ri,^{a), Rlj^(b, b; c) = 2ÏĴ ,(6) 

are fche ordinary ourvature tensors with respeot to the oonneotions T, ^F respeotively. 
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Then, a rather long but straightforward üomputation shows that all the tenaora 
Qifi, (1, 2 9) realice to linear combinations of the foUowing tensora 

T%'Sti, TUrjJ, B\¡^{a, b; c) (c = a, b, a', b') (3.3) 

indvded the isómera of T\^T^ (i.e.. thoae tenaora obtained by changing the location of the Índices). 
Among the tensors R'^ (o, 6; c) we inolude R'^^ (o, o; c), R\)^ (b, b; c) and R\j^ (b, a; c). 

Therefore in the spaoes with two aifine oonneotions T , F̂ beaides the ordinary ourva-
ture tensors i?J/j(a), R'jkiP) play a fundamental role the tensors R\n {a, b; c), given by (3.2). 

If we wish to elimínate the oonneotion T, we take the sum R\},^ (o, b; c)+R'(jh (b, a; c) 
and having into acoount that T\j (o, 6) = —T'j (b, o), we get the tensor 

^RU,H = RUjh(a, b; c)+R*n„(b, a; c) = «r',»,^+»r'u, ^ 

-'·nM-*ri,.A+''r·./r3[+»rvrsí--r;„ft»rg-»r·^·r,7, (3.4) 

whioh, up to a factor J, coincides with the first tensor of Sen (Sen, 1964). The seoond tensor 
of Sen is 

*RU = 'R·m-T'„^'ní (3.5) 

The tensors Rlji^a, b; c) satisfy the foUowing identities 

RW, b; c)-Ri^(a, b; c,) = »iíJ«+Tí«('"r¡!}-«rjl) (3.6) 

Riikia. 6; c)+RUi{b, a; c,) = Tí̂ C^rSJ-TJX). (3.7) 

In particular, we have 

iïW«. *: c) --BJki(«, 6; C) = ^su (3.8) 

RW^, b; c)+Ri^)(b, a; e') = 0. (3.9) 

From (3.9) and (3.4) follows the relation of Sen (Sen, 1964) 

^R\,n+^BÍ,) = 0. 

4. Gonftracted Tensón. 

From (3.2) we deduce the foUowing oontraoted tenaora 

üy(a. 5; c) = Ri„(a, 5; c) = T?..,-"?[}, .+»n.,«n: 

-•r^u'i^-TL'rj! . (4.1) 

R\f(a. 6; c) = Bl,(a, 6; c) = TJ,. , -»n , . i+T'^'T^-TU^lt-TUrT,. (4.2) 

B**i,{a, 6; c) = RUfia. b; c) = Tj,. ̂ -TU, ¿-T^^orjJ. (4.3) 

whioh satisfy the foUowing identities 

B*da.b:c)+Ri){b.a;c') = 0 (4.4) 

«••«(a. b; e)+R**tíi.b, a; c') = 0. (4.6) 
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5. The two connectioiM of a Group of Lie. A well known example of spaces 
with two coniiections is the spaco of the simply transitive Lie groups; see, for instanoe 
(Eisenhart, 1933, p. 192-198) and (Sohouten, 1954, p. 185-191). Tho two connections are 
in this caso altérnate to each other, that is 

Tif = "Tij = TJi. (5.1) 

If we denoto by FJy the symmetric part of T y and by íly its tensor of torsión, then 

Tii = Fíj+cii), *r{^ = r{^-nv (5.2) 
The tensor (3.2) becomes 

/?j,»(o. a'; a) = ¿Jy^+nJ*; i+QJ,; H+aio,Ql¡-a'n^ark-2a"<ma%, (53) 
where B<̂ j denotes the ordinary curvature tensor of the symmetric connection F and we indi-
oate by a semi-oolon oorariant differentiation with respect to the F. 

Having into acoount the known identities 

B'HH+B·M^O, 5fy»+5;«+5Jly = O (5.4) 
from (6.3) we deduce 

R'¡j^(a. a'; a)+RUi{a> «';«) = 2(Qf,;y-fn;^;,) (5.5) 
Ry^{a, a'; a)+Ji'j^i{a, a'; a)+i2)¡,.,(a, a'; a) (5.6) 

When Rlj^ (a, a';a) = O, from (5.5), (5.6) and (5.3) wc deduce 

fl?*; i+íi'ij;, = O, J5fy, = QLfíyl (6.7) 

If. moreover, Ríj^ (o, o; a)=0, an analogous oomputation shows that íl^i,', j—íly;A=0. 
Consequently we have íi'f^'.j = O and a known theorem of Eisenhart (Eisenhart, 1933, p. 197) 
may be stated in the foUowing terms : 

Theorem. A necesaary and sufficient condition that an aaymmelric connection T 
determines a simply transitive Lie group is that the equations 

R'iil·lia. a;«) = O, Rt,s(a, a'; o) = O (6.8) 
be satisfied. 

Other tensors whioh may be useful are the foUowing 

Rl¡^{a, a'; a') = R\i,{a, a'; o)+4QJ„ny"S (6.9) 

Rff^ia', a; a) = -RUi{a, a'; a') (6.10) 

7?«y«(a', o; a') = -R^t^jia, o'; o) (5.11) 

If we represent by "Fjy the symmetric connection Fjy, by direct computation we get 

R'tíkía. 0; a) = BJ/A+OJA; ,-n'(ma]l, (6.12) 

RU». 0; o') = fií,A+ní*: i+íiJ«.ny"A (6.13) 
Rij,(0, a; a) = B^^ -̂ÜJ,; A+ÜĴ nJX (5.14) 

RHO. o; a') = 5{,*-Qfc;,- nĵ nJX (6.16) 

iií„(o,0;0) = J5í,»+n{A;/ (6.16) 

*WO,a;0) = B(,»-nl/;» (6.17) 
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Consequently, we have : 

Theorem. All generalized curvature tensors (3.2) which may be obtained wüh the con-
nectiona "F, "T , T = F are linear combination of the tensors 

fiJ^A, 0}*;^, ÜJmíiJi;. (5.18) 

6. Anothcr Ezample. Let us consider tho caso of twu connectiona ' F , ''F which 
deñne the same parallelism in the space. Then we havo 

*F;^ = «Fí̂ .+ÍJv r̂̂  (6.1) 

where ^j is an arbitrary covariant vector (Eisenhart, 1927, p. 30). 

In this case we have 

BUa, b; c) = BUa)-S\fi; H(C) (6.2) 

Bhl·lia, a; c) = Bij^{a) (6.3) 

BiiH(b, b; c) = Bij^{a)+dU,;j-ilf}; ») (6.4) 

B¡j^(b, a: c) = Bij^{a)+i'ir/r„; ,{c') (6.6) 

where we havo indicated by \¡r̂  ; j (c) covariant differentiation with respect to "F. The 
last identities show tho following 

Theorem. AU generalized curvature tensora (3.2) corresponding to connectiona which 
define the aame parallelism, differ among thetn only by a linear combination of tensors of the 
form S^tjrj-, ^ where \¡fj ia an arbitrary covariant vector and the covariant derivative ia taken with 
respect to any one of the given connectiona. 

Finally let us consider the case of two aymmelric conneotions which define the same 
paths. According to Eisenhart (Eisenhart, 1927, p. 66) and Schouten (Schouten, 1964, p. 166) 
the conneotions are then in the relation 

»Fí̂  = «Fíy+ÍJ^^+ÍJ^, (6.6) 

where i^^ is an arbitrary covariant vector. 

The tensors B\]H (a, b; c) (3.2) beoome 

Bli,{a. b; c) = BlfH{a)-Sii/rf,s-ijt/rt; ,+('r%-'TJ)(dlf^+Si,r/ri) (6.7) 

B'ti^ib, a; c) = fit|„(a)+í}íír»; ¡+01^^; ¡-('TfH-''V^)(ài,^^+^^^n) (6.8) 

iijy»(6, 6; c) = B\i,J,a)+mh' i-^f »)+*J!{ïí̂ <; i-Mi)-^Ui. H-fi^k) (6.9) 

where the covariant derivatives are with respect to the symmetrio oonneotion ' F . 

From this reeult, by considering the cases c = a, 6 we have : 

Theorem. AU generalized curvature tensors (3.2) corretponding to two aymmetric 
connectiona which define the aame patha, differ among them by a linear combination of the tensora 
V̂̂ *> i> ^i^k^i> v>hen ̂ i ia an arbitrary covariant vector and the covariant derivativea are uñth 

retpea to •F. 
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