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1. Introduction. The groups of projectivities of the real projective
plane on itself were given by Sophus Lie [3]. With the usual symbo-
lism, those which depend on more than three parameters are the follo-
wing (see G. Kowalewski [2], p. 324):

I. Group depending on 8 parameters (general projective group)

P, 4, %P5 %45 IPs ¥4, x(xp - ¥@), ¥ (xp -+ ¥4).
There are not groups depending on 7 parameters.
11. Groups depending on 6 parameters :
L. 9, ¢ 3P, ¥4 %4, %(xp + yq);
2. P, ¢ xpy Y45 Xq, YP.
II1. Groups depending on 5 parameters :
1. 9 ¢ xq, 2xp + ¢, x(xp + ¥q);

2. Py ¢ xp, ¥4, %45
3. P, 9, b, x¢, Xp— 4.

IV. Groups depending on 4 parameters:

D 9, xp, ¥q;

P & xq, Xp + a¥q;

P 9, X¢, Y45

g, Xps X4, ¥4 ;

b, xp, ¥4, x(xp +¥9).
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In a previous paper [5], we solved the problem of finding all the
groups of projectivities of the plane such that the sets of points or the
sets of lines have an invariant measure with respect to them. In the
present paper instead of sets of points or sets of lines, we consider
sets of ,pairs of elements* i.e. sets of pairs of points (Py+ P,), pairs
of lines (G, + G)), pairs of point and line (P + G) and ask for the groups
of projectivities (depending on more than three parameters in order
that these pairs of elements may be transformed transitively), with
respect to which the sets of such pairs of elements admit an invari-
ant measure.

We need to recall the way of finding the relative components (forms
of Maurer-Cartan) and the equations of structure for linear groups (see
[6], [7]). We distinguish two cases:

1. Groups of affine type. In matrix notation they have the form
(1.1) x'=Ax+ B

where A is a non-singular matrix 2 X2 and B a matrix2 X 1; x and x’
are the 2 X 1 matrices of the non-homogeneous coordinates of the point
x and its image x'. The forms of Maurer-Cartan or relative components
of the group are the elements of the matrices

(1.2) Q= A-1dA, Q,=A-'dB

and the equations of structure arc
(1.3) dQ\=— A2, dQy=—AN\

where A denotes exterior product of differential forms.
2. Groups of projective typs. They have the form
(14) x' =Ax

where A4 is now a 3 X 3 matrix such that det. 4 =1, and x, x’ are the
3 X 1 matrices of the homogeneous coordinates of the point x and its
transformed x'.

The forms of Maurer-Cartan are the elements of the matrix

(1.5) Q2=4"'dA
and the equations of structure are, in matrix form,
(1.6) do=—QAQ.

According to the general theory (see for instance (7)) if we have:
a set of relative components (or a set of linear combinations with con-:
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stant coefficients of relative components), say w,, w,;...,», such that
the system w, =0, w, =0,..,0, = 0 states the condition that a general

pair of elements (P + P, G+ G, P+ G) be fixed in the plane, then the
condition for the existence of an invariant density for such pairs of
elements is that the exterior differential d(w, A w,N...Aw,) vanishes

(having into account the equations of structure) and the invariant den-
sity (defined up to a constant factor) is then given by the exterior pro-
duct w, Aw,\... \Nw, . The integral of this invariant density will be

the invariant measure. In our case m <4.

2. The general real projective group of the plane. The integral geo~
metry of the real projective group of the plaoe

g BEbybe L exdgyth

@n . s
mx -+-ny-r mx+4-ny \-r

has been well studied (Varga [9), Luccioni [4], Santalé [7]).

Let A4,, A;, A,, be three non-collinear points with its homogene-
ous coordinates normalized such that

(2.2) |Ao 4,4y =1

where the left side denotes the determinant whose rows are the homo-
geneous coordinates of 4, 4,, A,. With respect to the frame (4,, 4, 4,)
any point x can be expressed in the form

(2-3) x=x0A0+xl Al +- x2A2
and the forms of Maurer-Cartan are defined by the equations (see [7])

ddy = w Ay + w 41 + w3 4,
(2.4) dA} -y Ao + s A\ -+ we AZ [
dA2=w1A0+w3A1 +ng2.

From these equations it follows that
wl"ldAoA\Azl, w2=[AodAoAzlo w3=|AoAldAola
(2-5) w4“|dA1A1143|, w5=|AodA|Azls w6=|A0AldAll:
w1=|dAzA1A25. ws’-‘\AodAzAzls w9=\AoA1dAz1-

Differentiating (2.2) one gets
(2.6) w1 + ws + wg =0,
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~ The equations of structure, according to (1.6) are the elements of

the matrix
C(my (3 My 2 W3
d) = —| wiwsmg | \| w4058
(17 (g (g L (U7 (g (g

which write

dml =B (1) A (N4 —— (03 A M, d(')2 = o)) A (1 — (12 A (5 = (U3 A wgy

ding==—un N\ mg—wy N\ wg—mz/\ g, dwy=—my N wy—os A\ 4= we/\wy
(2.7) deog=—w A rg—wg A g, ding=—m4/\ 3—ws/\ wg—we/\ g,
dl')-] =—anq A o) =—1ng A (1) 4——(g A 7,y d(og = w1 A mny = h)g/\h)g,—-(:)g/\mg s

d(!)g = =1 A M3 (g A e«

It is well known that the sets of pairs of points and the sets of
pairs of lines have not an invariant measure with respect to the pro-
jective group [7). We now consider the following cases:

1. Sets of point P and line G with P¢ G. If we take P= 4, and
G=line A, 4,, in order that the pair P+ G be kept fixed under the
group (2..1), according to (2.4) we have wm; =0, w3 =0, wg =0. Using
the equations of structure we get d(m; A w3 A wg) = — 4y A wa A w3z A g —
— 2w N g N g\ wg 0. This shows that the sets of points and line such
that the point belongs to the line, have not an invariant measure with res-
pect to the projective group.

2. Sets of point P and line G such that P is not on G. If we take
P= A, and G =line 4, 4,, in order that the pair P + G be kept fixed
we have m; =0, m3 =0, wy =0, w;=0. Using the equations of struc-
ture we get d(my A w3\ wy) =0. Consequently we have: the pairs
P+ G with P not on G, have an invariant measure with respect to the
projective group.

This measure is the integral of the invariant density

(2.8) d(P + G) = (2 A m3 /\ My A M7,
We now want to obtain a geometrical interpretation of this density,

Let P=A,(a,b,c), Ai(¢,8,4), A;(m,n,r) be the homogeneous coordi-
nates of the points P, A,,4, normalized such that

b ¢
(2.9) ( 4 h)-l.
n r

From (2.4) we deduce

3 88
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da = awitews+mus, db =bw|+gw3-}-nw3, dc = cw+ hw2+ rw3,
(2.10) de =aw,+ ews+ mwg, dg="bw,+ g&ws+ nwe,
dh = cwy + Bws + rwg,
dm = awgtemg-t Moy, dn = bw7+gm3+ ndwy, dr = cw-,—!-hwa + 7 wg.
The non-homogeneous coordinates of P are x = ajc, y= b/c. The-

refore, calling dP = dx A\ dy = metric density for points on the plane
(= element of area), we have

dP=d1c/\dy=—4(cda-—adc)/\(cdb—bdc)
c

and by substituting the values (2.10) and having into account (2.9) we get

@.11) dP = ;%(D,Awg.
The line G= A4, 4, is
nh—gr_  gm—en
2,12 =T8T M
(212 Y er — mh er — mh

If we call (p,p) the normal coordinates for lines on the plane
(p = distance from the origin to the line, ¢ = angle between the normal
to the line and the x-axis), we have

nh—gr
er — mh

~coty, =M= P
’ er—mh sing

Differentiating these equations and using (2.10) we have

d(p =rw4—ilw1
sinfgy  (er —mhp’

(213) dp Mmuwy+ 6w
—Mmwy t+ ewq
smq>+( ") dp = (er — mh)?

By exterior multiplication of (2.13) and (2.11), calling dG=dp /\d<p=metnc
density for lines on the plane (see [7]), we get

dP A dG wzl\wg/\au/\m‘l d(P + G)_
sindo o . £3(er — mh)? T (er — mh)3 |
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The distance from P(a/c, b/c) to the line (2.12) has the value

_ __sing
c (er — mh) .
Therefore we have
(2.14) ap4 G =2 ;:dG

and we may state the following theorem :

The sets of pairs of point P and line G, such that P is not on G,
have an invariant measure with respect to the general projective group. This
measure is given by the integral of the invariant density (2.14), where §
is the distance from P to G.

c) Sets of triples of non-collinear points. In order that the points
Py=A,, P,=A4, and P,= A4, be fixed under the projective group,
according to (2.4) we have the conditions w; = w3 =0, w;= wg=0,
my; = wyg = 0. An easy computation, having into account the equations of
structure, gives d(my A w3 A wy A\ mg A wq/\ mg) = 0. Consequently, the sets
of triples of non-collinear points have an invariant density with respect
to the projective group. This density has the value

d(P() + P| + Pg) - (r)2/\ !1)3/\ ("4/\”’6/\")7/\ g .

In order to obtain a geometric characterization of this density, we
observe that the non homogeneous coordinates of P,, P,, P, are

Py(a/c, bjc), Py(e/h, glh), P,(m[r, nfr).

We know that dPy = dxy Ady, = c=*m, A 3(2,11). By direct compu-
tation we obtain, using (2.10).

dx, =d(e/h) = (ha — ec) w, ":(’”" —er) wg ,

dy, — d(g/h) = (hb — gc) my ;ll—’(hn —gr) g
dP, = dx  ANdy, = — h=3 w4 N wg,

and analogously

dP2 = dxz/\dyz = —r—3m2/\ms .

Thérefore we have (up to the sign, which is not essential since we con-
sider allways densities in absolute value) ' '
d(Py+ Py + Py)

(2.15) dP NdPNdPy = ZLLESE,
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The area of the triangle P,, P,, P, is

@ b
c ¢
1 e g 1
T o
(2.16) 2\h A 2chr
m oo
ror

From (2.15) and (2.16) we deduce (up to a constant factor)
dPyNdP, N\d P,

(2.17) d(Py+ Py + Pp) = =

Therefore we can state: The sets of triples of non-collinear posnts
(= sets of triangles) have an invariant measure with respect to the projec-
tive group, which is given by the integral of the density (2.17).

This result was given by Stoka [8] and Luccioni [4].

If we want to introduce the density of the three lines G,, G,, G,
which from the triangle P, P, P,, according to a formula of Blaschke
[1], p.53, we have

3
d(GO+Gl+Gz):(?) 4G, A dG, A dG,

where D is the diameter of the circle circumscribed to the triangle
fromed by the three lines Gy, G,, G,.

3. Projective groups depending on six parameters. The projective groups
depending on 6 parameters are the following:

1. p, ¢, xp, ¥9, X9, x (xp + xq). The explicit equations are
3.1) g Wby L mydh

, , a(mr—nh)=1.
ny-+r . ny+r

_Taking the three points Ay(a,b,¢c), A,(0,m,h), A;(0,n,r) as the
vertices of the coordinate system, the relative components are defined
by the following equations (see [7])

dAy=w Ay + w4y + w34,,
(3.2) dAl = my A1 + wyg A2 ’
dAz- (1)5A1+(l)7 Ag,
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from which we deduce
) = da s = (nc—bryda -} ardb—andc,
a
wy = (bh—mc)da —ahdb + amdc, w, = ardm— andh,
ws = — ahdm + amdh, wg=ardn—andr, ;= — ghdn - amdr
with the condition
oy + o+ w3 =0.
From these equations we deduce
da=awy, db=mmy+ nws-+bm,
de=rmg+hwy+cw, dm=muw,+ nows,

dh=rws+ hwyy, dns=mwg+ nmg, dr="hos|-roy.

The equations of structure are

dw =0, day=—ay Amg— w3\ ny— w3/ mg,
dwy=—myNwg—wyNwg—cz3Amg, do,=—mg/\wg,
dw5=—-w4/\m5—w5/\(1)7, dw5=—-"‘6/\w4—w7/\(')63 d(')7:—"’6/\‘05'

We have now at our disposal all necessary elements in order to .
analyze one by one all the following possible cases:

a) Sets of point P and line G, with P on G, Taking P= A, and
G=A, A, the differential equations of the element P+G sre w; =0, w3 =0,
mg=0, Since d((t)z Aw,Aw5)—2w, /\wg/\mg/\ ws +2w2/\u)3/\w7/\w5%é0,
we have: the sets of pairs P+ G with P ¢ G have not an invariant measure
with respect to the group (3.1).

b) Sets of pairs of points Py+ P;. Let us take Py=A, and P\= 4, + 4,.
In order that Py be kept fixed under the group (3.1) we have the con-
ditions m; = 0,0 = 0. For A, + 4, we have d(4, + 4,) = w, (4o + 4;) +
(w2 + wg—on) Ay + (w3 + r05) A;, and 4, 4 A4, will be fixed if wz + wy—
—my = 0, m3+ws=0. Consequently the possible invariant density for the
pairs Py+ P, 18 w3 A w3 A(w,— w)) Aws. Since d(w; A w3\ wy A\ ws—
—waNwg ANwy A wg)+0 we have: the pairs of points Py+ P, have not
an invariant measure under the group (3.1).

c) Sets of pairs of lines G,+ G,. Taking the pair Gy = 4,4,,
G, = AyA; we get the system w, =0, w3=0, ws=0, wg=0. Since
d(wy A w3 A g Awg) = 3wy A wg A w3 A\ ws Awg 0, we have: the sets of
pairs of lines have mot an invariant measure under the group (3.1).
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Since (3.1) is a subgroup of the projective group, the sets of pairs
P 4 G, such that P is not on G, will have the same invariant density
(2.14) with respect to the group (3.1). The same obviously holds for all
the groups that we consider in what follows.

2. p, q, xp, x¢, yp, yq. It is the general affine group whose finite

equations are
3.3) x'=ax 1+ by+c, y=mx+ny4r
with the condition an— bm 5 0. Putting

A=(a b’, A":l(n —'b), A = an — bm
mn f\—m a

and applying (1.2) we have

0 = ((vvu 1112)’ 0, = ((:)5\
g )y myg'
where
m,n%(nda—bdm), wg = 1'(ndb—bdn),-
3.4) o = 1' (—mda -+ adm), = /1'(-m db -+ adn),
i 1
(g = 4 (nde—bdr), wg = —l(—mdc +adr).

From thzse equations we deduce:

da = aw; + bmg, db —= amy + bwy, dc = awg + bmo,

(3.5)
dm = nw; + Moy, dn = nun,+ Moy, dr = nwg-+ Mmaoy.

The equations of structure are (according to (1.3))

dml = wy A 3y dmg = —w A (g == (fy A Wy,
dwy = — 3 Ny — 4 Nmyy ding = —wy/\ my,
d(l)5 = Wy /\ ()5 = g /\ gy d(ug = =13 /\ (g = (4 /\ (0g »

Let us consider the following cases:

a) Sets of point and line P+ G, with P¢ G. Under the group (3.3)
the point (0,0) is transformed into the general point P(c,r) and the line
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y = 0 into the general line G: y = (m/a)x — mc/a + r. The pair P+ G
is defined by the equations 5=0, «wg=0, ;=0 and we have
d (ws A\ wg N\ w3) =2 ws N\ wy A\ wg A\ w35 0. Consequently we get: the sets oy
pairs P+ G, with P on G, do not admit an invariant measure under the
group (3.3).

b) Sets of pairs of parallel lines. The pairs of parallel lines trans-
form transitively by the group (3.3); therefore we may ask for the
existence of an invariant measure for sets of parallel lines. The line
x =0 goes into the general line Gy:y = (n/b)x —nc/b + r and the line
x=1 into the line G,:y = (n/b)x —na/b—nc/b + m+ r. The system
which determines the pair Gy + G, is w; =0, ws=0, « =0, Since
d(wy A wp A\ ws) = wy A wy Ay Nwy 0, we have: the pairs of parallel lines
do not possess an invariant measure under the general affine group (3.3).

c) Sets of pairs of points P, P,. The points (0,0) and (1,0) are
transformed by the group (3.3) into the general pair P(¢c,7), P(a+c, m+r).
This pair will be fixed if ws=0, wg=0, w; =0, w3=0. Since
d(mg Az Aws Amg)=—2 w; ANz Awy A\ ws/\wgF0, we have: the sets of
pairs of points do not admit an invariant measure under the group (3.3).

d) Sets of pairs of lines Gy + G,. The lines x =0 and y = 0 trans-
form into the general pair of lines G,: y=(n/b)x—nc/b+r, G:
y= (m/a)x —mc/a + r which correspond to the system w3 =0, wg=0,
w, =0, w5=0. Since dlwyAwsz \NwsAwg)F0 we have: the pasrs of
lines have not an invariant measure with respect to the group (3.3).

e) Sets of parallelograms. The parallelograms transform transitively
under the group (3.3); since they depend on 6 parameters, the same
that the group (3.3), it follows thet the set of parallelograms have an
invariant measure under the general affine group, which coincides with
the measure of the group itself (cinematic measure in terms of the
integral geometry). In order to have a geometrical interpretation of this
measure, we observe that the square of vertices (0, 0) (0, 1), (1,0) (1,1) trans-
forms into the general parallelogram QO of vertices Py(c,7), Py (b+ ¢, n + ),
Py(a+¢, m+r1), Py(a+b+c¢, m+ n+r). According to (3.5) we have

dPy = Aws AN wgs APy = dwz N oy, APy = dwy N ;.

Therefore if we call dQ = w; A, N w3 A\ wy A ws A\ wg = cinematic
density of the general affine group=density for parallelograms, we may
write dPyAdP,\dP, = A3dQ and since A4 =S =aurea of the parallelo-
gram O, we have

3.6) ag = 4P dP, A dP,

S3

where Py, P,, P, are three vertices of the parallelogram Q and S is the
area of Q. +hil expression (3.6) coincides with the density for sets of
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triangles (up to a constant factor) (2.17), as it should be, since each
triangle determines one parallelogram and vice-versa.
Another expression for the density (3.6) was given by Stoka [8].
4. Projective groups depending on five parameters. The projective
groups of the plane depending on five parameters are the following:
1. p,¢,xq, 2xp -1 y¢, x(xp + y¢g). The finite equations of this
group are
. ax+c ., bx+4y+h
(4.1) ¥y e T

’ s, ar—mc=1.
mx 4 r mx - r

It is a group of projective type, which corresponds to the matrix

a 0 ¢ r 0 —c
A=|b 1 & A7 = \br4+mh 1 —ah-+ b
m 0 r —m 0 a

with the condition det, 4 =1. The relative components are given by

\

wy ) wy
2= A471d4 - My 0 104)

(1)5 O wa
and have the values

wy =rda—cdm, ,=rdc—cdr,

m3 = (mh—br)da |- db + (bc — ah)dm,
wy = (mh—br)dc -+ dh |- (bc — ah)dr,
ws ==—mda -+ adm, ws=-—mdc+ adr

with the condition
wy + wg = 0.

From these equations we deduce
(4.2) da = aw, + cws, db = w3+ hws + bw;, dc = aw,—=—cw,,
dh:w‘—hw‘-{— bwz, dm=?n(ol + r(})b, dr=Mw2—rw1.

The equations of structure, according to (1.6) are
dw|=—w2/\w5, d(ug=—2w‘/\w2, dw3=—w3/\w,—w4/\w5,

doy = —w3Nwg—wy Nwys dwg = —2w5\wy, dwg=—ws\ws,
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We have now all necessary elements for analyzing all possible
cases one by one.

a) Sets of point and line P+ G such that P is on G. The point
(0,0) transforms into the general point P(c/r,h/r) and the line y =0
into the line G:y = (br — hm) x + ha— bc. The equations which define
the pair P+ G are i == 0, wq=0, om3=0. We have d(w, A m3z A\ w,) =
= —=2m; AN wa A\ w3\ wy 0. Therefore: the sets of pairs of point and line,
such that the point is on the line, have not an invariant measure with
respect to the group (4.1).

b) Sets of pairs of points P, -+ P;. The points (0,0) and (1,0) trans-
form into the general pair of points Py(c/r, hir), P((a + c)/(m + r),
(b - h)/(m - r)). An easy calculation, having into account (4.2) gives

dP, = dxy N\ dy, = mz/\w..’ dP, = dx, A dy, = (—ws -t 20y + wy) A (w34 o)
rd (m i

where x,, y, are the coordinates of P, and x,, y, those of P,. Since

d(wa A g A(=aws + 2wy) Awz) =0, it follows that the pairs of points

have an invariant measure under the group (4.1), which is given by the
integral of the following invariant density

d(P() -+ P[) = wz/\(u4/\(2w|—w5)/\w3 = ri’(m -+ r)adpo/\dpl.
Having into account that

ar—mc =1, a=m+r)x,—rx,, c=rx
we get :

r(m--r) = L
X1 — Xg
and therefore we have P
(4.3) d(Py + Py) = PN dly
(%) — x,)3

We can state: The sets of pairs of points have an invariant measure
under the group (4.1), given by the integral of the invariant density (4.3),

c) Sets of pairs of lines Gy-- G;. The line y =0 goes into Gj:
y = (br — hm)x + ha—bc and the line y=x goes into G,:y = (br —
—hm + r)x + ha — bc — c. The general pair of lines Gy, G, will be kept
fixed if d(br —hm) =0, d(ha—bc) =0, dr =0, dc = 0. These equations
are equivalent to w; = 0, w; = 0, w3 = 0, w; = 0 and since d(w) N wa A w3 A
Aw) =0, it follows that the pairs of lines G, + G, have an invariant
density with respect to the group (4.1) given by
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In order to get a geometrical interpretation of this measure, we
introduce the normal coordinates G,(py, o)y Gy (P;, ;) of the lines.
We have

»

sin Po )

br — hm = — cot ¢y, ha—bc =

Differentiation and exterior product of these equalitie give (up to
the sign),

dG,
w1 A oy ;{11—3(;0 , where dG, = dp A diyy.
Analogously we have
w3 /\ )y = f;—’— ’ dG‘ = dpl /\ dq’l N
]

and consequently we have
9 d(Gy + G) = S NIG_
8in3 g 8inp,

Thus we have established: With respect to the group (4.1), the pairs
of lines have the invariant density (4.4).

2. p, 4, xp, xq, y9. The finite equations of this group are

(4.5) X'=ax-+m, y =bx+cy-t h
With the notations of n. 1 we have
A;(a 0)’ A~ = 1/a 0 )’ B=(m),
b ¢ \—bjac bfc h
o = A-'dA=(“" 0 ) ;= A-1dB = (“"),
wz w3 Wy
where
da b . db de
Wy = —, m2=——da~1f—, Q)3 == — ,
a ac c c
dm b dh
Wy = — w5=—-—dm+—-.
a ac ¢
From these equations we deduce
(4.6) da = aw,, db=cw;+ bw,, dcw=cw;,

dm = aw,, dh = cwys+ buwy.
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The equations of structure, according to (1.3) are
d(l)l = 0, d(l)2 = ] /\ ")2 ; (')2 /\ (1)3‘ d’l)3 = 0,

dwy = — W A\ wy, dog = —wy A\ wy— w3/ ing.

We may now consider the following cases:

a) Sets of pairs P+ G with P€G. Under the group (4.5) the point
(0,0) is transformed into the general point P(m, ) and the line y =0
into the G: y = (b/a)x — bmja |- h. In order that the pair P + G be fixed
we have the conditions dm —0, dh =0, d(-bm/a)=0 which are equi-
valent to w, =0, w, =0, ws=0. We have d(m, N\ my A mg) = 20, A\ wz A
AwyAwg+0 and therefore: the sets of point P and line G such that P
belongs to G, have not an invariant measure under the group (4.5).

b) Sets of parallel lines. The lines y =0, y =1 transform into the
genera)l pair of parallel lines Gy:y = (b/a)x — bmja + h, G,;:y = (bla)x —
— bm/a -+ h - c. These lines will be kept fixed under the group (4.5) if
g = 0, (g = 0, (g == 0. Since d(0)2 A (04 A w5) = () /\U)z/\ my A ws #0 we
have: the pairs of parallel lines have not an invariant denssty umder the
group (4.5).

c) Sets of pairs of points Py+Py. By the group (4.5) the point (0,0)
goes into P, (m, k) and the point (1,0) into P, (a + m, b + h). These points
will be fixed if 1, =0, ws = 0, w; = 0, m; =0. Since d(w; A W A Wy A iy5)=
= —2w; A wy A\ @3\ w5+ 0, we have: the sets of pairs of points have not
an invariant measure with respect to the group (4.5).

d) Sets of pairs of lines Gy + G,. By the group (4 5) the lines y =0,
y = x are transformed into thc general pair of lines G,:y = (d/a)x —
—bm/a+ h and G,:y = ((c + b)/a)x —m(c + b)/a + h. The differential
equations which define the first are w, = 0, w5 = 0 and those wich define
the second are w;— m; =0, ws — w;-=0. Now we have d(w, A wsA
A w3 — ) Awy) =20y Ay ANing AwgAws 0, and therefore: the sets
of pairs of lines G, + G, have not an invariant measure with respect to the
group (4.5)

3. 2, 4, yp, xq, xp — yq. This is the affine unimodular group: -

4.7 X =ax+bytc, y=mxigy4d h ag—bm=1,

With the notations of n. 1 we have

i ] e
m g —m a

O =A4A""d4 = (“" “”), Qp = A-'dB = (‘US)

w3 Wy we
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where
m = gda—bdm, w,=gdb—bdg, 3 =-—mda--adm,

my=—mdb + adg, ms=gdc—>bdh, ng=—mdc - adh,
with
my + my =0,
From these equations we deduce
da = aw + bwy, db=aw,+ bw,, dc = aws -+ bwg,

(4.8)
dm =gy + mwy, dg = gw,+ mw,, dh=gmg+ Mmuws.

The equations of structure are
dw] - = ()2 /\ W3y d(l)2 = —(1)1/\ w2 = 1)y /\ Wy d(,z)3 - 2(l)| A 3y
dw4 = W3 N W3y du)5 = -—(01/\ Wy == 12 A (D7} d(l)ﬁ = = (3 N (g = Wy N we »

Details on this group for the n-dimensional case were given in [6].
a) Sets of point P and line G such that P is on G. The point (0,0)
. transforms into P(c, ) and the line y=0into the line G:y = (m/a)x —
~cm Ja + h. The equation of this pair of eclements are wy; =0, wg =0,
wy =0 and since d(mz A w5 A mg) = 203 A\ Wy A g A\ mg0,we have: the
sets of pairs P+ G with PE G have not an invariant measure with respect
to the group (4.7).

b) Sets of pairs of parallel lines. It is known that the sets of
paralle] lines have an invariant measure under the unimodular affine
group, which is given by the integral of the following invariant density

" (see [6]) N
' dG,
d(Gy + Gy) = ;__9_2,.4., Py
where 4 is the distance between the two parallel lines Go(p,, o) and
G1(p1, po)-

c) Sets of pairs of points. Since the unimodular affine group is area
preserving, the pairs of points have obviously the invariant density

d(P0+P1)=dP0/\dP1.

. d) Sets of pairs of lines. The group (4.7) carries the line y =0
into Gy:y = (m/a)x—cm/a + h and the line x =0 into G,:y=(g/b)x —
—gc/b + h. In order that these lines be fixed, we have

my_ @ _ §Y_. w1 _
d(;)~a2 0, d(b) b2 0,

(4.9)
¢ 1 ¢ ¢ 1

© Anale — Matematicd 21
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The density for pairs of lines G, + G, will be
d(Go -+ Gl) = Wy /\ (U, A Wy A We
and it is effectively an invariant density since d(w; A w; A w5 A wg) = 0.

In order to obtain a geometrical interpretation of this density we
introduce the normal coordinates p,, ¢y and p,, ¢, of G, G, and we have

Po g

¢
ro_ | =—cot¢pl,—5—+h-—£'—-
Slnq)o

4.10) 2 = —cot gg, — L4 h = :
a a b sin g,

These equalities, together with (4.9), give
(OF} /\(1)3/\(05/\(1)5 - _ dGo/\dGl

ad b3 sind gy sind g,
where dG, =dp,Adp, and dG, =dp, Adp,. From (4.10) we deduce
m = — a cot gy, § =— b cot ¢,. Therefore we have

ag — bm = ab (cot py — cot ¢;) =1

and consequently we can write
Gy A dG, _

(a.11) 4(Go+ G) = T
1™ ®o

Thus we can state: the sets of pairs of lines G, + G, have an inva-
riant density with respect to the unimodular affine group, which is given by
(4.11).

5. Projective groups depending on four parameters. The projective
groups of the plane depending on four parameters are the following:

1. p, ¢, xp, yq. The finite equations of this group are

5.1) X =ax+b, y=cy+h
The relative components are
da dc db dh
W =—, W;=-—, Ny = —, M, = —
a ¢ a ¢
and the equations of structure are
doy =0, dw, =0, du;=—wAw3y, do,=—w;\w,.

We are now in position to consider the following cases:

a) Sets of point P and line G such that P is on G. By the group
(5.1) the point (0,0) goes into P(b,h) and the line y=x into
the line G:yw= (c/a)x—cb/a+ h. The pair P4 G will be fixed if
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w3 =0, wy =0, w,—w, =0. Since d(w; A\ 0y \ (10— @) = —20; N\ w,; \
NwsNAw,#0 we have: the pairs P+ G with P on G, have not an inva-
riant measure with respect to the group (5.1).

b) Sets of pairs of parallel lines. The lines y=x and y =x -+ 1
are transformed into the general pair of parallel lines G,:y = (¢/a) x—
—cbla+h, G,:y-=(c/a)x —bc/a-+-h+ c. We have

d(c ) = ; (wy — wy),

a
(5.2) d(— cb -+ h) = — be (w3 = w) — cwy + cong,
a a
d(-— b et h) - d(_“_" + h) L cw,.
a a

The pair of parallel lines G, + G, will be fixed if wy—, =0,
my— w3 =0, w,=0. Since d(m A w,A\(w3—wm,)) =0 it follows that
the pairs of parallel lines admite an invariant measure with respect to
the group (5.1). This measure is the integral of the invariant density
d(Gy + G)) = oy Ay \(m3— my). In order to obtain a geometrical inter-
pretation of this density we observe that

(5.3) C oty —Lih=t, (= 4
a a sin @ sin

where p,p are the normal coordinates of G, and 4 is the distance
between G, and G,. From (5.2) and (5.3) we deduce (up to the sign)

3 dGy A
";_ my A (OF) A ((')3 —_— n)‘) = —G—g-—d—P—l .
a sin' ¢
Hence
(5.4) d(Gy+ G,) = - ZGoNaP1

Atsingcos g

We have got: the sets of pairs of parallel lines have an invariant
measure with respect to the group (5.1) ; this measure is given by the integral
of the invariant density (5.4).

c) Sets of points Py + P,. The pairs of points transform transitively
under the group (5.4). Therefore they possess an invariant density which
coincides with the cinematic density of the group, i. e.

d(Py+ P) = oy Nz N w3\ wy.
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In order to have a geometrical interpretation of this density we
observe that the point (1,0) goes into P,(a + b, &) and the point (0,1)
into P (b, ¢ + A). Putting

at+b=xy, h=yy, bmx,, c+h=y
we have
dxy  dx, dy, dy, dx, __d_y_o
3 m———— w3= —, W
a a c c a ¢
and therefore

55 d(P, P —22
(5:3) ot P = e i — 3o

where we have substituted @ = xp—x;, c¢=y ~—
The pairs of lines are not transitive under the group (5.1); there-
fore is meaningless to ask for an invariant measure.
A remark. Notice that by the substitution x = x + iy, y—->x—iy
and setting
am=ged, cmpe ™, b=A+iB, h=A—iB

the group (5.1) goes into

(56) x' =p(xcosu—ysina)+ 4, 3y =p(xsina+ycosa){- B

which is the group of similitudes of the plane. The density (5.4) writes
now (up to a constant factor)

(5.7) d(P, + Py) = 2o /::‘ﬁ

where ¢ is the distance P, P,.
The density (5.4) for sets of parallel lines takes now, with respect
to the group (5.6) of similitudes, the more simple form

(5.8) d(Gy + Gy) = d_G.Q%Q‘.
The formula (5.5) was given by Stoka [8].
2. 2,4, %¢, xp + ayq. The finite equations of this group are

(5.9) X max+b, y=cxtayth

where q is a fixed constant and a, b, ¢, 5 are the four parameters of
the group.

The geaeral method of n. 1 gives the following forms of Maurer-
Cartan
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da_ cda de_db - cdb dn
K Y -1 g’ 93T, Wy gt T e

with the following equations of structure

don =0, dwy=(1=—a)m; \wy, dng=—w Ay, dwy=—my N\ w3—alw; N w,).

a) Sets of point P and line G with P€G. By the group (5.9) the
point (0,0) goes into P(b, &) and the line y = 0into G: y = (c/a)x— bc/a + h.
These elements will be fixed if

w3 =0, wy=0, w; =0, Now, d(w; Aw; ANwy) = —2aw; AN w; A\ w3 N\ w,y

and so we have: the pairs P4 G with P¢ G have an invariant measure
under the group (5.9) only in the case a = 0. In this case, putting

b=x0, h=yo, £——c0t¢p
a
where ¢ means the angle between the normal to G and the x-axis, we have

dxg = amz, dyy = o+ (...) wg,

: = — Wy
sin2¢p a
and therefore

(5.10) d(P+ G) =

We have thus established:

The sets of pairs P+ G, with P on G, have not an invariant measure
under the group (5.9), excepting the case a = 0. In this case, such a measure
exists and is given by the integral of the invariant density (5.10).

b) Sets of pairs of parallel lines. The parallel lines y=0and y =1
transform by the group (5.9) into G, y=(c/a)x—cb/a+ h, and
G,: y = (c/a) x — cbla + h + a* respectively. Therefore, the pairs of pa-
rallel lines transform tranmsitively by the group (5.9) excepting for the
case a = 0. Let us assume a0, We have

(5.11) d(i)—a'ﬂ".wz, d(_59+h)-...ba--'w,+a-w.,
a

dPAi’i
Sin3¢p '

d(_ 'cf +h 4 a') = —ba"lwy + %y + ad wy.

The conditions for keeping Gy, G, fixed, are then w, =0, w, =0, w, =0.
Since d(w; A wy A w,) = 0 we have that the sets of pairs of parallel lines
have an invariant density with respect to the group (5.9), namely
d(Go + Gy) = ) N wy Aoy : '
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In order to get a geometrical interpretation of this density we put

(5.12) ¢ = —COt g _Cé + h = _e(_’_ s a® = -d
a a s g Sln(p

where (py, p) are the normal coordinates of G, and A the distance between
G, and G,. From (5.11) and (5.12) we deduce (up to a constant factor)

3a—1 , e+l

A7e sl

(5.13) d(Gy + G)) =

The following theorem summarizes our results:

The sets of pairs of parallel lines admit an invariant measure with
respect to the group (5.9), assuming o 0. This measure is given by the in-
tegral of the invariant density (5.13).

C. Sets of pairs of points and sets of pairs of lines. The pairs of
points transform transitively under the group (5.9); therefore the sets
of pairs of points will have an invariant measure, which coincides with
the cinematic measure of the group, i. e.

d(Po -+ Py) = wy Ay N g N ay.

A geometrical interpretation of this measure may be obtained as
follows. The pair of points (0,0), (1,0) transforms into the general pair
of points Py(b, k), Py(a + b, c 4 ). Since

db =aws, dh=a‘w,+ co3, da=aw,, dc=a"wy+ coy

we have
d(Py+ P)) = a*t? i A wa A wg A g

If we call xo,x, the abscissac of P, and P,, observing that g = x, - Xos
we get the expression

G14) d(Py + P) = TondPr

(% —x)e*2

For the case of sets of pairs of lines, we observe that the pair
y =0,y = x transforms into the pair Go:y=(c/a)x—cbla+ h,G,:y =
= (c/a + a*=')x — (c/a - a*=') b + h. Thus, excepting the case q = 1, the
pairs of lines transform transitively, and therefore they possess the
Invariant measure d(Gp + G|) = w; A w, A w3 Aws. In order to obtain a
geometrical interpretation of this density, comparing the equations
above of G,,G, with their normal form we have
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¢ cb c
- = — COt Po s ——+h-—_‘£-o—-, '+a""=—cot<p,,
a a sin @y a

ch pl

—C  hmg—tp - P
a Sln(])‘

From these equations and the expressions of the relative components

of the group, we deduce
dG, A\
0 gG'—— =(a=1)a% "2y Awa A w3 A wy
sind g sind ¢,

and consequently, up to a constant factor,

|_+1
(sin q)o Sin q_)‘)q—l dGo /\ dGl .

4a~-2
(sin (@) — @o)) *~!

(5.15) d(G,+ Gy) =

In conclusion:

The sets of pairs of points and the sets of pairs of lines have respecti-
vely the invariant densities (5.14) and (5.15) with respect to the group (5.9).
For the case of lines, the group corresponding a = 1 must be excluded.

3. ,¢,%¢,yq. The finite equations of this group are

(5.16) x'=x+a, y=0bx+tcy+h.
The forms of Maurer-Cartan are
(5.17) w|=@-, w2=ic, ll)3=—b'dg+d—’-t, au*dd
c ¢ c c

and the equations of structure
doy = O, Nwy, dwy=0, dug=—mAog=—w;N\Nw3, dw,=0

as is easily deduced from the general method of n.1.

a) Sets of pairs of point P and line G such that P is on G. The
point (0,0) transforms into P(a,4) and the line y =0 into the line -
G: y = bx — ba + h. These elements will be fixed if w3 =0,w;=0,w; =0.
Since d(w) AwsAws) =20 A wg Aws AwsF0, we deduce: the sets of
pairs P+ G with PEG do not possess an invariant measure under the
group (5.16). -

b) Sets of parallel lines. The parallel lines y =0,y =1 transform
into the general pair of parallel lines G,: y=bx—ba—+ h, G;:
y=bx— ba + h + ¢ by the group (5.16), They will rest fixed if =0,
w3 =0, m, =0. Since d(w, A m3 A w3) =0, we have that the pairs G, + Gy
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of parallel lines have the invariaat density d (G- G)) = Awy A mz.
In order to obtain a geometrical interpretation of this density we intro-
duce the normal coordinates (py, o) of G, and the distance 4 = p, —p,
between both parallel lines. We have

b = —cotgyg, -—ba~+~h=—P°—, c= !

sin ¢g sin g
Taking differentials and comparing with (5.17) we get

Coy = '*'4?0 —y == ACm| - Cig = “fi—PO”— 4 (...)d o, Cing == d

sin? o sin ¢, sin ¢

+...

Exterior multiplication gives (up to the sign)

c3 my AN A\my = MPI
sint g,
which can be written
(5.18) d(Gy 4 Gy = LGondpy
A3sin g

Our result is:

The sets of parallel lines have an invariant measure under the group
(5.16) which is given by the integral of the invariant density (5.18).

c) Sets of pairs of points and sets of pairs of lines. The pairs of
points do not transform transitively under the group (5.16).

For the sets of pairs of lines we observe that the line y = 0 goes
into Gy:y =bx—ba | h and the line y=x into G,:y = (b +4- ¢)x — ba —
—ac + h. If we introduce the normal coordinates, we have

b=—cotyy, —ba+h= ,—p‘l—, b-t ¢c==cote,
sin Po
_ba—ac+h = —;gl—.
81N ¢,
Substituting in (5.17) we get
- ‘{‘Po_’ 0y = — 2 P + Ad g,
csin® ¢ ¢ 8in? g,

d
my= Pt Bdgy, w = 2P Cdey+ Ddg, + Edpo
€ 811 ¢, ¢ 8in gy

where A4,B,C,D,E arc expressions whose explicit form is not neces-
sary. Thus
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$ift o Sin gy d Gy A Gy
sin? (;py — o) ’

this is the invariant density for pairs of lines under the group (5.16).
4. ¢,xp,xq, yq. The finite equations of the group are

d(Gy 1 G =y A Aoy A\ o=

(5.19) x' =ax, y=bx+cy+h.
We easily obtain
(5.20) = “ig, (1) == —— bda + fﬂ,, 3 = dc, 1y = “‘1‘}‘1
a ac ¢ ¢ c

with the equations of structure
dw; =0, . dmg=m Amg+maAmgy, dwz=0, dug= — mgAmy-

We shall consider the following cases:

a) Pairs of point P and line G with Pon G. The point (1,0) goes into
P(a,b + h) and the line y + x = 1 goes into G:y =((b—c)/a)x+ h-c.
These elements will be kept fixed if w; =0, my + wy =0, w3+ wy = 0.
Since d(wi A o Awg + oy A wa A 4+ gy Awg Amg) F£0 it follows that
the pairs P+ G with PE€G do not possess an snvartant density under the
group (5.19).

b) Sets of parallel lines. The group (5.19) maps the parallel lines
y=0,y=1into y=(bla)x+ h, y =(b/a)x +-h -+ c. These lines will be
fixed when (g ™= 0, 3 = 0, ng = 0. Since d((l)2 Am3A (1)4) = A\ A\
A m3 A wyF0, it follows that the sets of parallel lines do not admit an
invariant measure with respect to the group (5.19).

c) Sets of pairs of points and sets of pairs of lines. The sets of
points do not transform transitively under the group (5.19).

For sets of pairs of lines we may take the lines y == 0, x -|- y = 1 which
transform into the general pair Gy: y = (b/a)x + h, y = ((b—c¢)/a)x + h + c.
Introducing the normal coordinates of the lines we have

(5.21) b = — COt gy, h=—.@-—, b_—-_c= — cot g, h+t:-=r*;‘°'l —-
a sin g, a sin @,
Differentiating an applying (5.20) we get
a dig dpy a dg,
1y == — T Ny == ——9— + A d (1)) =)o = — 4 Bd
27 ¢sin? %o ™ csin g 440, 1T T sin? ¢, o

g + g == —fg?l -+ Bd«pl .
¢ s g,

Exterior multiplication gives (up ta the sign)
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2 '
d(Go + Gy) = sy Amg Az A wy = %‘!.?0/\ d ?,
¢ 8In”° gy sin 1
From (5.21) we have

c
. =Cotq)l—cotq-,0’ C——'—-—pl . pO
a

sing, singy,
and therefore

d(Go+ Gl)‘=—~'-—~ Sinq)osin¢|d60/\d61 ]
(p18in go — posin @y)?sin? (¢) — @o)

This is the expression of the density for pairs of lines which is invariant
under the group (5.19).

5. 9,%p, 3¢, %(xp 4 y9). The finite equations of the group are

(5.22) NS S
ex+ h cx+h
This is a group of projective type; it corresponds to the matrix
a 0 b
(5.23) A=|0 e 0|, e(ah—bc)=1.
¢c 0 h

The forms of Maurer-Cartan are the elements of the matrix

w; 0 w
Q=A"1dA=|0 w3 O

w; 0 s

and write
, = ehda — bedc, w, = eh db— be dh, ma-‘—if,

(5.24) e
W, = —ceda - aedc, wy = —cedb - aedh.
They satisfy the relation
My + 3 +- (0] Pand 0.

The equations of structure in matrix form are dQ —= -~ QA Q and in
explicit form write

dw| = — Wy A 0y dwy = =R wy Awz + wa A w3, di;=0.

dwy=2w) Ay + @3 A g, d Wg== g A wy.
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From (5.24) we deduce
da = awy + b(u4, db = amg+ bms., dc = hm4 + Cwyy

(5.25)
de == e(l)a, dh = hlv)5 '+ Cwmy.

We have all necessary elements for considering the following cases :

a) Sets of posnt P and line G such that P is on G. The point (0,1)
and the line x + y = | are maped under the group (5.22) into the gene-
ral pair P(b/k,e/h),G:y = — e*(c + h)x + e*(a -- b). Making use of (5.25)
we have that the pair P - G will be kept fixed if m; =0, w, - 2w3 =0,
3ms+ wg=0. Since d(myA(m +2w3) A(Bwy + w,)) =0, we have that
the sets of pairs P{- ¢ with P¢€G have an invariant measure under the
group (5.22). This measure is the integral of the invariant density

d(P 4 G) = (g A\ ((')1 + 2(()3) a\ (3 ws + nu) .
In order to have the geometric meaning of this density we intro-

duce the coordinates x = b/h,y = ¢/h ot P and the normal coordinates
p,p of G, given by the expressions

e2(c+ h) =cotgp, e(a+b)m _.p .
sin ¢
We have
de=2 gy 2ehont eho,—eca,
eh?’ h?
dq? e? (h -_— C) (ny = elc Mg — et (26 + h) g = eth g
sin? g

[xterior multiplication gives (in absolute value)

2

M‘E =% d(P+G)
sin2p A2

and since e/h=y,

(5.26) d(P+ G)

Thus we have shown:
The sets of pairs P+ G with PE€ G have an invariant measure under
the group (5.22); this measure is the integral of the invariant density (5.26).
It is worth while to mention that the group (5.22) and the group
(5.9) for a =0 are the only projective groups depending on' more than
three parameters that have an invariant measure for the sets P+ G
with P€G.

_ePndy
yrsinp
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b) Sets of pairs of points and sets of pairs of lines. Since the pairs
of points P, + P, and the pairs of lines G, + G, transform transitively
under the group (5.22) they will have an invariant measure, which
coincides with the cinematic measure of the group, i.e. is the integral
of the density w) A wmg A w3 A my.

In order to get a geometrical interpretation of this density in both
cases, we may proceed as follows.

The points (0,1) and (1,1) are carried by the group (5.22) into the
general pair Py(b/h,e/h) and P, ((a + b)/(c + h),e/(c + h)). Setting

b e a+b e
5.27 Xn = - —_—— - ——— —
( ) 0 P Yo B’ Xy c+h’ N ek

and using (5.25) we get

dPy=dxy A\ dy, = 20324\_0)3}_;;}1(_»2_0 o,

Moreover, because (5.25), we have

dxl =d(a +b) = 2w| "1‘ (()2+ (/)3—(:)4.
¢+ h e(c+ h)?

4 - e(h— c_)!i)l_— ec (,‘)2.i e (C+ 2h)74113_—_‘¢h [OT
¢+ h’ (c + h)? |

Therefore we have

dyl -d(

dP, = dx, \dy, =
- —m Amg+ 3 A 3= W, Nwy -+ 2w Awg— w3 /N\ my + w3 Ny
(c + by '
Thus, up to the sign, we have
3(1)1 A wg_/\_wa/\(m
B+ h?

In virtue of (5.27) and the relation e(ah — bc) = 1 the last equality

can be written
(5.28) d(Py+ P) = _dPoNdPy

Yo (% — xo)?

In order to get a geometrical interpretation of the cinematic density
in terms of the coordinates of a pair of lines Gy(po, o) G, (p,,gl) we
proceed as follows, The lines y =x and x 4 y =1 arc carried by the

dPQ/\dP|=
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group (5.22) into Gyt y =e?hx—e2b,G:y=—e*(c+ h)x+ e2(b+ a),
and therefore we have

(5.20) e2h= —cot gy, €2b = — .Po s
sin Po

e(c+h)=cotgp, e¢(b+a)= .p; .
sin ¢,
Differentiating we get
_doo_
8in? ¢
dp,

—_ +Adpy=—ebuw, + e2aw, - e3bwy,
SIncpo

=‘—Gzha)| +82Cw2+32hw3,

_d—q"— = e(h—c)w—elcw;—e?(2¢c + w3z — hw,,
sin? ¢,
ﬁ'!— + Bdp, =e*(a—b)w, + etaw,+ e3(2a + b)w; + 2bw,.
singy,
Exterior multiplication gives
dGyAdG
"‘9"/\——"1‘ =3 efw; Awa A w3 Aws.
sind pgsindgp,

From (5.29) and the relation e(ah — bc) =1 we deduce

g3 == P0COS @1 — P, €08 g
8in g 8in ¢,

Therefore the density for pairs of lines can be written
dGyAdG,
$in g 8in p; (PoCO8 o) — Py CO8 pg)?
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GEOMETRIE INTEGRALA A GRUPURILOR PROIECTIVE ALE PLANULUI
CARE DEPIND DE MAI MULT DECIT TREI PARAMETRI

Rezumat

Intr-o lucrare anterioard [5], am gisit toate grupurile proiective
realc ale planului, pentru care multimile de puncte si multimile de dreptc
admit o mésurd invarianti. Pentru grupurile de proiectivitifi ce depind
de mai mult decit trei parametri, se pot considera multimi de perechi
de clemente (doud puncte, dou#i drepte, punct si dreaptd) si se pot ciiuta
acele grupuri, care posedd o méisurd invariantd pentru multimi de astfel
de perechi de elemente, Obiectul prezentei lucriri este de a cerceta aceste
cazuri. Printre altele, se obtin urmitoarele rezultate tipice:

a) Singurele muljimi de perechi de elemente, care au o misurd
invariantd, in raport cu grupul proiectiv general, sint multimile P+ G
(punct si dreaptd), astfel ca P si nu fie pe G. Densitatea invariantd are
forma simpld (2.14).

b) Multimile de perechi de puncte Py + P; si multimile de perechi
de drepte G, + G, au o.densitate invariantd in raport cu grupul afin,
unimodular, cu cinci parametri (p,q,3p,xq,xp — yg) si in raport cu grupul
cu cinci parametri (p,q,xq,2xp + y¢,x(xp + y¢)), dar ele nu au o mi-
surd invariantd la grupurile proiective, cu mai mult decit cinci parametri.

c) Printre grupurile proiective, ce depind de mai mult ca trei pa--
rametri, numai grupurile (p,q,xq, xp) si (p,xp,y4,x(xp + y¢)) conduc la
o misurd invarianti pentru mul{imi de puncte-drepte P 4+ G, pentru care
P apartine lui G.

d) Singurele grupuri proiective, ce depind de mai mult ca trei pa-
rametri, care furnizeazi o densitate invariantd pentru mul{imi de drepte
paralele sint urmitoarele patru: (p, xp,9, ¥9), (9, ¢, %9, xp+¥9); (D, 9, %P, ¥9),
(P9, yP, xg, xp — 39).
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UHTETPAJIbHASl TEOMETPUS MPOEKTHUBHbBIX FPYIIN I1IVIOCKOCTH,
3ABHCAUIHX OT BOJIEE YEM TPH IMAPAMLTPA

Kpartkoe coaepmxanne

B paGorte [5], Mbl HawaHM Bce NPOEKTHBHbie rpynnsl IMJOCKOCTH,
ANA KOTOPHIX MHOXECTBA TOUEK # MHOMECTBA MPAMLIX AOMNYCKAlOT HHBA-
puaHTHyl0 Mepy. [l NpPOeKTHBHBLIX rpynm, 3aBHCAUIHX OT Gosiee ueM TpH
napaMeTpa, MOXHO yYHTHIBATb MHOMECTBAa Nap 3JeMEeHTOB (ABe TOYKH,
ABe mpsAMbie, TOYKA H NpsAMas) H MOXKHO HCKaTb rpyfnnb J0oNycCKaloWHX
MHBAPHAHTHYIO Mepy /s TaKHX MHOMECTB Nap 3JeMeHTOB. DTH cJyyau
paccMaTpHsaloTCs B HacTosiuHii paGore. Haxomurcs psaa pesyasraToB
cpeaH KOTOPBIX CJCAYIOLUIHC ABJAAIOTCA THMHYHBIMH !

a) Eauncteennbie MHOXecTBa map 3JeMeHTOB, N0ONYCKAIOUIHC HHBAPH-
aHTHYIO Mepy OTHOCHTeJbHO oblleft NPOEKTHBHOH rpymnbl, 3T0 MHOXeCTBa
P G (touka H npaMas), Tak uto P He npuHaanexutr G. MuBapuantnas
NJOTHOCTL HMeeT MpocToe BblpaxeHHe (2.14).

6) Muoxectsa nap touek (P, - P,) u nap npamuix (Gy + G,) nmeior
HHBapHAHTHYIO IJIOTHOCTb OTHOCHTE/IbHO NATHNAapaMeTpHYecKoro, apHHHOMA,
YHRHMOAYJAAPHOR rpynnsl (p,q,yp, Xq, Xxp — yq) OTHOCHTENbHO nNATHNapaMe-
TpHUecKoro rpynnsl (p,q,xq, 2xp - yq, x(xp-+yq)) HOHe HMeEIOT HHBADH-
AHTHOA NUIOTHOCTH OTHOCHTEJILHO MPOEKTHBHBLIX Ipynn 3aBHCAWHX OT 6o-
Jlee ueM NATb NapaMeTpos.

B) CpecaH npocKTHBHbIX rpynn ¢ 6ojee ycM TpH NapameTpa, TOJNbKO
rpunasl (p, ¢, xq, xp,) 4 (P, xp, y¢, x (xp + yq)) RalOT HHBAPHAHTHYIO Mepy
ans MHoxectB {P + G} (Touka u mpsmas) TaK uto P npuHamnexutr G.

r) EnudcteenHbie npoextdBHBIE rpynnul ¢ Gojee YeM TpH napamerpa.
KOTOpbie [1al0T HHBADHAHTHYIO MJIOTHOCTL AJNS MHOXECTB mnapatelbHbiX

ABAMOTCA CAEAYIOWUMH : (P, xp, ¢, ¥7), (P, 4, x¢, xp+-39), (P, ¢, X4, ¥4), (P, ¢
yp» Xq, xp ""yq)-



