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1. Introduction. The groups of projcctivities of thc real projcctive 
plañe on itself were given by Sophus L i e [3]. With the usual symbo-
lism, those which depend on more than three parameters are the follo-
wing (sce G. Kowalcwskí [2], p. 324): 

L Group depending on 8 parameters (general projective group) 

P, q, xp> xq, yp, yq, x {xp-]-yq), y (xp-\-yq). 

There are not groups depending on 7 parameters. 
IL Groups depending on 6 parameters : 

1. P, q, xp, yq, xq, x(xp+yq); 
2. P, q, xp, yqy xq, yp. 

IIL Groups depending on 5 parameters: 
1. p, q, xq,2xp+yq, xixp+yq); 
2. P, q, xp, yq, xq; 
3- P, q, yp, xq, xp — yq. 

IV. Groups depending on 4 parameters: 
1. P. qy xp, yq; 
2- />, q, xq, xp + ayq-, 
3- P, í, xq,yq', 
4. q, xp, xq, yq; 
5. P, xp, yq, x{xp-\-yq). 
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In a previous paper [5], we solved the problem of finding all the 
groups of projectívities of the plane such that the sets of points or the 
sets of lines have an invariant measure with respect to them. In the 
present paper instead of sets of points or sets of lines, we consider 
sets of „pairs of elements" i. e. sets of pairs of points (PQ + P\), pairs 
of lines (GQ + Gi), pairs of point and lioe (P + G) and ask for the groups 
of projectivities (depending on more than three parameters in order 
that these pairs of elements may be transformecl transitively), with 
respect to which the sets of such pairs of elements admit an invari
ant measure. 

We need to recali the way of finding the relative components (forms 
of Maurer-Cartan) and the equations of structure for linear groups (see 
I6]> [7])' We distinguish two cases: 

1. Groups of affine type. In matrix notation they have the form 

(1.1) * ' = ^ x 4 - B 

where /I is a non-singular matrix 2 x 2 and B a matrix 2 x 1; x and x' 
are the 2 x 1 matrices of the non-homogeneous coordínales of the point 
X and its image x'. The forms of Maurer-Cartan or relative components 
of the group are the elements of the matrices 

(1.2) (3i^A-UA, íi^^A-UB 

and the equations of structure are 

(1.3) ¿ í 3 i = ~ í í i A í í , , áí32 = —í3,AíJ2 

where A denotes exterior product of differential forms, 

2. Groups of projective typt. They have the form 

(1.4) x'=Ax 
where A is now a 3 X 3 matrix such that det. 4̂ » 1, and x, x' are the 
3 X 1 matrices of the homogeneous coordinates of the point x and its 
transformed x'. 

The forms of Maurer-Cartan are the elements of the matrix 

(1.5) ü^A-UA 

and the equations of structure are, in matrix form, 

(1.6) dí) = —QAQ. 

According to the general theory (see for instance [7]) if we have 
a set of relative components (or a set of linear combinations with con-
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stant coefficients of relative components), say M, , Wj >—>((>„ "̂̂ ^ '̂ ^̂  
the system co^ —O, ojj ==0,.,.,w^ — O states the condition that a general 
pair of elements (P + P, G+G, P+G) be fixed in the plañe, then the 
condition for the existence of an invariant density for such pairs of 
elements is that the exterior differential á(ro, Awj A... A w )̂ vanishes 
(having into account the equations of structure) and the invariant den
sity (defined up to a constant factor) is then given by the exterior pro-
duct (O, AwjA... Aft)„. The integral of this invariant density will be 
the invariant measure. In our case m < 4 . 

2. The general real projective group of the plañe. The integral geo-
metry of the real projective group of the plañe 

(2.1) ;,'„^+*J'+'^, y = ?£±£Z± 
*mx-^nv4r mx 4-nv V-

has been well studied (Varga [9], Lucc ion i [4], Sant aló [7]). 
Let AQ, Al, Aj, be three non-collinear points with its homogene-

ous coordinates normalized such that 

(2.2) \AoAiA2\-\ 
where the left side denotes the determinant whose rows are the homo-
geneous coordinates of Ag, Ai, Aj. With respect to tha frame (AQ, AI , Aj) 
any point x can be expressed in the form 

(2.3) x = XoAo + XiAi-^- X2A2 

and the forms of Maurer-Cartan are defined by the equations (see [7]) 

dAo = (tí| /ÍQ 4- a>2 ^ 1 + W3 ^2 > 

(2.4) í//í , - 0,4 AQ + f05 A^ + tüa Ai, 

dAi = ü>7 /ÍQ + 0)8 ^1 + W9 ^̂ 2 • 

From these equations it follows that 

(o\''\dA(,AxAi\, aí2 = 1 0̂«í-̂ o-̂ 21» ttí3 = |i4o^id/lo|, 

(2.5) (üi-\dAxAxAi\, W5 = |/loá^i.<42l> we = |/ío^iíí^i U 
(tíT = \dA2AiAi\, 0)8 = I ^0 <í̂ 2 ̂ 2̂ I > ü¡<i-\AQAxdA2\. 

Differentiating (2.2) one gets 
(2.6) f„, 4- ,05 + Wg == 0. 

file:///AoAiA2/-/
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The equations of structure, according to (1.6) are the elements of 
the matriz 

( (01 0)2(03 \ / f'J| t/)2'«3 

dU — — I '^'· '^5 "̂ 6 I A I "*4 <"S '"6 
V <0^ íDg fOg / V (0^ (0% Og 

which write 

d(Oi = — (02 A 0)4 fiJ3 A f'>7 , d(02 ~ — "M A fi)2 — í')2 A (0¡ — 0)3 A ojg > 

d(03 — —(o\ Ao)3—f()2 A w f i — í ' ) 3 A f i ) g , dco^^—0)4 A r o 1—0)5 A 0)4—a),A(ü7 

(2 .7 ) a f iJ5~—W4A(. )2 — (OgAíDg, <Ííi)6=* — Í1J4 Aí«)3 —(üsAíOe —W6' '^" '9» 

flíi); = — f07 A 0)1 — 0)g A o>4 —0)9 A 0)7 , d<0% = — ÍO7 A 0)2 — OigAo)5—0)9Aoj8 , 

¿0)9 = — 0)7 A 0)3—füg A 0^6. 

It is wcU known that the sets of pairs of points and the sets of 
pairs of Unes have not an invariant measure with rcspect to the pro-
jective group [7]. We now consider the following cases: 

1. Sets of point P and Une G with PiG. If we take P S / I Q and 
G = line /Ifl/li, in oider that the pair P-\-G ht kept fixed under the 
group (2.1), according to (2.4) we have 0)2 = O, fO3 = 0, oj6 = 0. Using 
the equations of structure we get rf(0)2 A (03 A 0)5) = — 4o)i A Í02 A 0)3 A ô e — 
— 2 o)2 A 0)3 A 0)5 A f06 T̂  0. This shows that the sets of points and Une such 
that the point belongs to the Une, have not an invariant measure with res-
pect to the projective group. 

2. Sets of point P and Une G such that P is not on G. If we take 
P=ÍAQ and G = line A^A^ in order that the pair P-f G be kept fixed 
we have 0)2 = O, 0)3 = 0, (ot -- O, 0J7 = 0. Using the equations of struc
ture we get í/(oj2Ao)3Ao)4Ao)7) =• 0. Consequentiy we have: the pairs 
P + G with P not on G, have an invariant measure with respect to the 
projective group. 

This measure is the integral of the invariant density 

(2.8) d{P-¡rG) = 0)2 A 0)3 A 0)4 A 0,7. 

We now want to obtaín a geométrica! interpretation of this density. 
Let P=i4o(a,6,c) , Ax{e,gyh), A2(m,n,r) be the homogcncous coordi-
nates of the points P, Ai,A2 normalizcd such that 

(2.9) I * g A 1 - 1 . 

From (2.4) we deduce 
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da = acDi+e (Ot +m(t)3, </¿ = éü)t+^(tíj+» W3, rfr = ciui+Acuj + rai3> 

("2 101 de = aon +eü)5 +mcoot dg — b(04 + gcú!i +ncoe, 

dh — c íü^ + h (Oi + r wg, 

dm = a (üT \-e wg -| m ojy, dn ^= b (07 1-̂  tog + 10)9, dr = c (07 + A cog + Í" (09. 

The non-homogeneous coordinates of P ATC x = a/c, y = ble. Thc-
refore, calliog dP ^^ dx A dy = mtxxic density for pointi on the plañe 
( = element of area), we have 

dP ^ dxAdy =^ -{cda — adc)/\{cdb — bdc) 

(2.11) ( / P - i ^ j A t / j j 

and by substitutíng the valúes (2.10) and having into account (2.9) we get 

I 

The line G = /4, .íj is 

(2.12) 3, = _ ^ - ^ ; c _ ^ ' " ~ * ' ' . 
er — mh er — mh 

If we cali {p,q>) the normal coordinates for Unes on the plañe 
ip — dístance from the origin to the line, (p = angle between the normal 
to the line and the x-axis), we have 

nh—gr gm — en p « - c o t ç j , —* - • . 
er — mh er — mh sin rp 

Differentiating these equations and using (2.10) we have 

d(p _ r («4 — hío^ 
sin*m (er — mh)* ' 

(2.13) ^ ^ 
dp , / \ j ^ «ft>4 + í 0)7 + (...) dq, = — -— . 

Sin q) {er — mhy 

By exterior multiplication of (2.13) and (2.11),calling dG=dp Ad<p=xnetric 
density for lines on the plañe (see [7]), we get 

dPAdG ^ ítíjA cüa A_a)4̂ Â (ü7 ̂  djP + G) 

sin^çí . c^(er — mhy c^{er — mhy 
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The dístance from Piaje, bjc) to the linc (2.12) has thc valué 

sin 9? 
c (er — mh) 

Therefore we have 

and we may state the following theorem: 

The sets of pairs of point P and Une G, such that P is not on G, 
have an invariant measure uith respect to the general projective group. This 
measure is given by the integral of the invariant density (2.14), where ò 
is the distance from P to G. 

c) Sets of triples of non-collinear points. In order that the points 
/*„ = ^o> 1̂ =-^1 and 7*2 = ^2 be fixed under the projective group, 
according to (2.4) we have the conditions <02 = (o^ = O, W4 — we = O, 
o)^ '^ (ú» = 0. An easy computation, having into account the equations of 
structure, gives d {0)2 A m^ A cô  A íog A (07 A wg) •» 0. Consequently, the sets 
of triples of non-collinear points have an invariant density with respect 
to the projective group. This density has the valué 

d (Po + Pi + P2) "" f'>2 A (03 A OH A f.)6 A o)^ A M» . 

In order to obtain a geomètric characterization of this density, we 
observe that the non homogeneous coordínales of PQ, P\, P2 ar« 

Po (a/c, ble), P, (í/A, g¡h), Pj {mlr, n/r). 

We know that dPo = dx^ A dyo = c-^ 0)2/^ (03 (2.11). By direct compu
tation we obtain, using (2.10). 

dx, = d{e/h) = i^''-'<=hu + (hm-ejOjo, 
h* 

¿y^ ^ df^glh) = {hb-gc)oH^.ihn-gr)o.,^ 
h* 

dPi = dxi Adyi = — h-^ «4 A roa, 

and analogously 
¿Pj = dx2 Ady2 = ~ r-^ 0)2 A fOg. 

Therefore we have (up to the sign, which is not essential tince we con-
sider allways densities in absolute valué) 

(2.15) ¿p„A¿P,ArfP2 = ^ í ^ ^ ± A ± A ) , 
c* h^ r^ 
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The àrea of the triangle PQ, PJ , P2 is 

\a b 
c c 

1 

(2.16) 
1 e g 

h h 

m n 

r r 

1 

1 

1 
2chr 

From (2.15) and (2.16) we deduce (up to a constant factor) 

dPoAdP\Ad^2 
7*3 (2.17) d{P, + P, + P2)^ 

Therefore we can state: The sets of triples of non-collitiear poittts 
(-^ sets of triangles) have an invariant measure with respect to the projec-
tive group, which is given by the integral of the density (2.17). 

This result was given by Stoka (8] and L u c c i o n i [4]. 
If we want to introduce the density of the three lines G^, G,, G2 

which from the triangle Pf)PiP2, according to a formula of B l a s c h k e 
[1], p. 53, we have 

¿(C7o + Gi + Gf)^-Í^\ dGn A rfG, A dG2 

wherc D is the diameter of the circle circumscribed to the triangle 
fromed by the three lines C/Q , G,, Gj. 

3. Projective groups depending on six parameters. The projective groups 
depending on 6 parameters are the following: 

\. p, q, xp, yq, xq, x (xp + xq). The explicit equations are 

(3.1) ax -\- by + c , my -\- h , ,. , 
* ' = ——-^ , y «.-=¿--L , a(mr-~nh) = \ 

ny \- r . ny + r 
Taking the three points Ao(a,b,c), ^4,(0,m,A), / l ,(0,«,r) as the 

vértices of the coordinate system, the relativa components are defined 
by the following equations (sec [7]) 

(3.2) 

dAo — C0\ AQ + (02 " 1 + (O3 /I2 , 

d/li = «)tAx +(i)iA2, 

d A2 ^ f')fl ' í i + «J? ^ 2 » 
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from whích we deduce 

da , 
(O] • • — , íi)2 " • \nc • 

a 
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— br) da -\ ar dh — ande y 

0)3 — {bh — me) da — ahdb + am de, (·)^ — ardm — an dh , 

0J5 = — ahdm + amdh, o>6 ~ ardn — an dr, 0)7 =- — ahdn -\- am dr 

with the condition 
0)\ 4- 04 + íi)7 =» 0 . 

From these equations we deduce 

da ~ a a)\, db '= m r»» 4- n (03 -|- b «n , 

de •= r <()3 + h íi)2 -f- c o)|, dm '^ m^o^ •{- n <0f¡, 

The equations of structure are 

d(0\ = 0 , dü)2 = — "M '^ ">2 — ('>2 ^ "*4 — 003 A ">6 » 

dí03 = — í')i A (ü3 — (02 A í/>5 — f'>3 A o)^, d(ò^ ^ — (o^ A io^, 

díOi — —«)4 A a>5 — Ois A 0)7, ¿«Je = " — " e A f ü ^ — W 7 A o ; 6 , doi-, ~—(O^^ÍOS. 

We have now at our disposal all necessary elements in order to 
analyze one by one all the following possible cases: 

a) Sets of point P and Une G, with P on G. Taking P= A^ and 
G=/4o A^ the differential equations of the element P+ G are 0)2 =« 0, «3 = 0 , 
fO5=0. Since </(í()j Aa>3 A íyj) —2tU| Aü)2 AfosAcus + 2U}ÍA(O-Í Aaj7A0*5^0, 
we have: the sets of pairs P + G toith P^ G have not an invariant measure 
with respect to the group (3.1). 

b) Sets of pairs of points Po+P\- Lct us take Po=Aa and P, = /!(, + -̂ i • 
In order that PQ be kept fixed under the group (3.1) we have the con-
ditions 0)2 - 0,(U3 - 0. For AQ + ^1 we have d{Ao + ^ 0 = wi (AQ + Ax) + 
{(ü2 + W4—o)i)Ax + ((03 + 'o<i)A2, and AQ H- AX will be fixed if ^2 + f"* — 
—o)i -• 0, o)3+wsn0. Consequently the possible invariant density for the 
pairs P^ + Px is w2Aa>3A(<W4 — £y|)Aítí5. Since d (t<)2 A 0̂ 3 A a>4 A 0)5 — 
— (U2 A cy3 A ft), A C05) ̂  O we have :̂ the pairs of points PQ + PI have not 
an invariant measure under the gròup (3.1). 

Q) Sets of pairs of Unes Go+G, . Ttking the pair GO = AQAX, 
G, = A0A2 we gct the system wj = 0 , 0̂ 3=» 0, ÚJ^ - 0, (og = 0. Since 
d(o>2Aw3 Ao)5 Aíoj) = 3w, Aí02 Aa)3 AcosAcüe^T^O, w^ have: the sets oj 
pairs of Unes have not an invariant measure under the group (3.1). 
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Since (3.1) is a subgroup of the projecti ve group, the sets of pairs 
P + G, such that P is not on G¡ will have the same invariant density 
(2.14) with respect to the group (3.1). The same obviously holds for all 
the groups that we consider in what follows. 

2. p, q, xp, xq, yp, yq . It is the general af f ine group whose f inite 
equations are 

(3.3) *' = ax I by -\- c, y' — mx •\- ny -] r 

with the condition an — bm=f= 0. Putting 

\m ni 1 V —m a } 

and applying (1.2) wc have 

where 

(3.4) 

ti)i " -{nda — bdm\ 
A 

f.)3 — (—mda-\ adm), 

íi)5 = {ndc — b dr), 
i 

lOj — (jidb — b dn), • 

<->H =* (—"í db 1- a dn), 
A 

(05 = - (—m de l a dr). 

From these equations we deduce: 

ô B-. da = flcüi + b(i>y, db ~ ao>2 + ¿W4 > de =» am^ + ¿wg, 

¿m = n<oa f WfO], dn = Mf,)4 + mí;)2, dr = «wg 4 mioj. 

The equations of structure are (according to (1.3)) 

d(0\ = a»2 A W3 , </oJ2 = — f O i A 0>2 — <f>2 A íi>4 , 

aa)3 = — (ü3 A roi — f<)4 A rij3 , a<i)4 = "^(o-^ A ^02 j 

doii = — Í O ] A fi)5 — 0)2 A íDd I áfOfl = —OJ3 A í/Jj 0)4 A íüfl . 

Let US consider the following cases: 
a) Sets of point and Une P+ G, with PiG. Under the group (3.3) 

the point (0,0) is transíormed into the general point Pic^r) and the linc 
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3> =« O into thc general line G: y = (m/a)x — mc/a + r. The pair P + G 
is defined by thc cquations ^5 — O, (os=^0, ^3 = O and we have 
</(ítí5A«)6Aw3)=2w5 Ao)4 Aí/jeAfü3=i^0. Conscquently we get: thesets oj 
pairs P + G, with P on G, do not admit an invariant measure under the 
group (3.3). 

b) Sets of pairs of paral·lel Unes. The pairs of parallel Unes trans-
form transitivcly by the group (3.3); therefore we may ask for the 
existence of an invariant measure for sets of parallel lines. The line 
* = 0 goes into the general line G^-.y ^ (nlb)x — nc/b + r and the line 
* = 1 into the line G^:y =• {n/b)x —najb — nc/b\m + r. The system 
which determines the pair GQ + G, is W2='0, ^5 = 0 , wi = 0. Since 
d((in A 0)2 A W5) = tui A f02 A f,)4 A «jj =?ír O, we have : the pairs 0/parallel lines 
do not possess an invariant measure under the general a/fine group (3.3). 

c) Sets of pairs of points Po+Pi- The points (0,0) and (1,0) are 
transformed by the group (3.3) into the general pair P(c, r), P(a+c, mj-r). 
This pair will be fixed if CUS = O, wg = O» "̂ i = 0> "̂ s = 0. Since 
</(í(), AfujAf/is Aw6)=—2foi Aí,)3Aw4 AtüsAwe^^O, we have: the sets of 
pairs of points do not admit an invariant measure under the group (3.3). 

d) Sets of pairs of lines GQ + G,. The lines * = O and y =*0 trans-
f orm into the general pair of lines GQ : j> = (n/b) x — nc/b + r, G,: 
y='(m/a)x — mc/a + r which correspond to the system (03 = O, 0)3= O, 
(02—O, f,)5 = 0. Since rf(íH2 A (03 A ws A foe) =7̂  O we have: the patrs of 
Unes have not an invariant measure loith respect to the group (3.3), 

e) Sets of parallelograms. The parallelograms transform transitívely 
under the group (3.3); since they depend on 6 parameters, the same 
that the group (3.3), it follows thst the set of parallelograms have an 
invariant measure under the general affine group, which coincides with 
the measure of the group itself (cinematic measure in terms of the 
integral geometry). In order to have a geometrical interpretation of this 
measure, we observe that the square of vértices (0,0) (0,1), (1,0) (1,1) trans-
forms into the general parallelogram Q of vértices Pa{c, r), P, (¿+ c,n+ r), 
P2(« + c, m -H r), P3{a + b + c, m + n + r). According to (3.5) we have 

dPo = A<ti5 A CÜ6 > dPx = à(02 A (.J4, dP2 = J w i A co^. 

Therefore if we cali dQ — (oíA (02 A 0̂ 3 A («4 A wj A wg = cinematic 
density of the general affine group=density for parallelograms, we may 
write dPoAdPiAdP2 = A^dQ and since /I = 5 = área of the parallelo
gram Q, we have 

(3.6) , 2 , ^ i í & ^ ^ 

where PQ» ^ » ^2 we three vértices of thc parallelogram Q and 5 is thc 
área of Q' '^^is expression (3.6) coincides with thc density for scts of 
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triangles (up to a constant factor) (2.17), as it should be, since each 
triangle determines one parallelogram and vice-versa. 

Another expression f or the density (3. 6) was given by S t o k a [8]. 
4. Projective groups depending on five parameters. The projective 

groups of the plane depending on five parameters are the following: 
^•PiliXq, 2xp\yq, x(xp + yq). The finite equations of this 

group are 
, ax -h c , bx -^ y + h 

(4.1) X " ~ , y -̂  ar- me = 1. 
mx 4- T fnx -i r 

It is a group of projective type, which corresponds to the matrix 

/ a 0 c , í r 0 

A = b 1 h 

\m 0 rl 

A-' - —br + mh 

\ ~m 

1 

0 

with the condition áti.A — \. The relative components arc given by 

U - A~^ dA (Oi 0 lUi 

V('J5 0 0)6/ 
and have the vàlues 

(o\ = rda — c dm, 0)2 = rdc — cdr, 

t»3 •--= (mh — br) da I- db + (be — ah) dm, 

(üi — (mh — br) de -\- dh \- (be — ah) dr, 

tü5 = —m da + adm, we = —m de + adr 

with the condition 
(Ol + W6 == 0-

From these equations we deduce 

da =» acoi + <̂W5i db " Ü):¡ + hcos + bcoi, de = 00)3 — Cwi, 

dk =^ (Oi — hun -f bcoiy dm = mu>\ -j- rcos, dr = mojj — run 
(4.2) 

The equations of structure, according to (1.6) are 

doji = — 0)2 A 0 )5 , d(02 ='~2(t)i A (JÚ2) d(ü3 = — £1)3 A t t í i — « 4 A ítí5, 

dai4 = —CÜ3 Acoj —ctfi Actf4, dco¡ = —2(osAu)i, doj^ = —(ujAcüï, 
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We have now all necessary elements for analyzing all possible 
cases one by one. 

a) Sets of point and Une P + G such that P is on G. The point 
(0,0) transforms into the general point P{clr^h¡r) and the line j» = O 
into the line G:y^{br — hm)x-\ha — bc. The equations which define 
the pair P -f G are <02 - O, W4 = 0, 0)3 == O. We have ¿(^2 A 0)3 A OH) — 
==—2wi A W2AW3 Aa)4=i¿^0. Therefore: the sets of pairs of point and line, 
such that the point is on the line, have not an invariant measure with 
respect to the group (4. 1). 

b) Sets of pairs of points P,, |- P¡ . The points (0,0) and (1,0) trans-
form into the general pair of points Po(c/r, A/r), P,((a + c)/(»i + r), 
(6 H h)l{m i r)). An easy calculation, having into account (4.2) gives 

dP, = dx, A dy, = '^^"'^, dP, ^ dx, A dy, = {-^£LL3llldL^A^Síl>A±Jl>*) 
r" (w + r)̂  

where XQ, yo are the coordinates of P^ and x^^yi those of Pj. Since 
</(<i)2A(.)4A(—^5-f 2wi) Awj) = 0 , it follows that the pairs of points 
have an invariant measure under the group (4.1), which is given by the 
integral of the following invariant density 

d(Po + Pi) = W2 A W4 A (2(0, — ws) A W3 -= r-* (m -f rf dPg A Í/P, . 

Having into account that 

ar — me ^ i, a -^ (m + r)Xi—rXi, c — rx^^ 
we get 

I 
r{m -|- r) = 

and therefore we have 

(4.3) ¿(Po + ^O-f · '^-Tl · 

We can state: The sets of pairs of points have an invariant measure 
under the group (4.1), given by the integral of the invariant density (4.3). 

c) Sets of pairs of Unes C?o I í#i. The line y = 0 goes into GQ: 
y => (br — hm) x + ha — bc and the line y^x goes into G,: ^ = (¿>r — 
— hm + r)x + ha — be — c. The general pair of lines GQ, G, will be kept 
fixed if d(br~hm) — O, d(ha — bc) -O, ¿r =» O, ¿c = 0. These equations 
are equivalent to w, — O, (02 = O, (.03 = O, f04 =» O and since Í/(W, A(«2 A0)3 A 
A CO4) »=• O, it follows that the pairs of lines G„ f G, have an invariant 
density with respect to the group (4.1) given by 

¿ ( G O + G, ) = ÜJ] AW2AW3AW4. 
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In order to get a geometrical interpretation of this measure, we 
introduce the normal coordinates Gn(Po,(po), Gi(p¡,(pf) of the lines. 
Wc havc 

br — hm = — cot f/)o, ha — be = . . 
sin 770 

Differentiation and exterior product of these equalitie give (up to 
the sign), 

<"i ̂  «̂ 2 : £ T ° : ' ^^'^^ ''^o =^dpA d^o • 

Analogously we have 

' sín^ 9?o 

103 A 0J4 = - ; — - - , dGi — dpi A dcpi, 
sin'çji 

dGoAdGi 

and consequently we have 

(4.4) . d(Go + G,)-
sin^çjoSinVi 

Thus we have established: With respect to the group (4.1), the pairs 
of lines have the invariant density (4.4). 

'^· Pt 9> xp, xq, yq. The finite equations of this group are 

(4.5) x''^ax\-m, y'=-bx-\-cy ~\-h. 

Wíth the notations of n. 1 we have 

where 
da b _, db 

(o^ =» — , fi;2 = da -i- — , 
a ac c 
dm b . dh (o^mM — j ftJs — dm -\- — . 
a ac c 

From these equations we deduce 

de 
0J3 — — , 

c 

/^ gN da = awi, db = cwa + b(úx, </c — ccos, 
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The equations of structure, according to (1.3) arc 

diü^ ~ — <ü^A(ú^, d(o^ = — Wj A 0)4 — (03 A 11)5. 

We may now considcr the f oUowing cases: 
a) Sets of pairs P -1- G with P^G. Under the group (4,5) the point 

(0,0) is transformeu into the general point P{m,h) and the line y = 0 
into the G: y r^ (b/a)x — bm/a \ h. In order that the pair P + G be fixed 
we have the conditions dm - 0 , dh == 0, d{- bm/a) = 0 which are equi
valent to (i<2 =̂^ 0, (1J4 =-- 0, ri<5 = 0. We have d{í».¿ A <o^ A 05) = 2(02 A toj A 
A'"4 A 0 5 ^ O and theref ore: the sets of point P and line G such that P 
belongs to G, have not an invariant measure under the group (4.5). 

b) Sets of paral·lel Unes. The lines 3/ == O, jv = 1 transform into the 
general pair of parallel lines ^0:3^ = {bla) x — bm/a f h, Gj: >> =» {bla)x — 
— bm/a \-h-\-c. These lines will be kept fixed under the group (4.5) if 
0)2 = O, t')¿ = O, ,,,5 -- 0. Sincc d (0)2 A «ij A tos) = "Ji AwjA „)i A («5 96 O we 
have: the pairs of parallel lines have not an invariant density under the 
group (4.5). 

c) Sets of pairs of points Po+P\. By the group (4.5) the point (0,0) 
goes into PQ (m, h) and the point (1,0) into P, (a + w, 6 + A). These points 
will be fixed if (»i = 0,105 = O, wi = 0,(02 = 0. Since ¿(o;, A (O2 A u^^ A os)^ 
•= —2a)| A «2 A 0)3 A cü¡ 4^ O, we have: the sets of pairs of points have not 
an invariant measure with respect to the group (4.5). 

d) Sets of pairs of lines GQ + G,. By the group (4 5) the lines y =• O, 
y~x are traasformed into the general pair of lines GQ:y^(b/a)x — 
— bm/a 4- h and Gi:y= ((c -\- b)/a)x — m{c + b)/a + h. The differential 
equations which define the first are (Uj = O, wj = O and those wich define 
the second are (03 — o», = O, Wj - ">4 -= 0. Now we have d((02 Am^A 
A {(O3 — (.),) A «4) = 2(01 ^ ">2 ^ '":t ^ <'H ^ 05 =f= O, and theref ore : the sets 
of pairs of lines G^ H G| have not an invariant measure with respect to the 
group (4.5) 

3- P> ?» yPi xq, xp — yq. This is the affine unimodular group: 

(4.7) x' = ax + by + c, y' = mx + gy -\ h, ag — bm=l. 

With the notations of n. I we have 

\m g) \—m a) 

íh==A-'dA^h '"A, Ü2'-=A-^dB=^{"'A 
\a)i 0)4/ VW6/ 
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wherc 
,„, = gda— bdm, (,)2 — gdb — bdg, (03 =- —mda -[- adm, 
„n = —m db + adg, o^ -- gdc — bdh, ¡o^ -= —m de 4 a dh, 

with 

From these equations we deduce 

fAo\ ¿a =» adij + ¿>a>3, db = aio^ + bu)^, de ^ a(o¡ + bo)Q, 

dm = g(o-i + mwi, dg = go>^ -i- mm^, dh =- ̂ «jg + mcos. 

The equations of structure arc 

dtoi — — W2 '^ ^3» d(iJ2 =* —(i)\A (02 — (O2 A 0)41 ¿(W3 ~ 2(01 A (fÍ3, 

¿W4 — W2 A W3 , át05 = Wl A W5 W2 A (1)6 , </c06 = — (')3 A (̂ 5 — W4 A tUg • 

Details on this group for the n-dimensíonal case were given in [6]. 
a) Sets of point P and Une G sueh that P is on G. The point (0,0) 

transforms into P{c,h) and the linejf=Ointo the line G: y =• (m/a) x— 
—cmia + h. The equation of this pair of elements are wj«-0 , («6 = 0, 
íi)3 = 0 and since ¿(o>3A wj Aojg) = Zwj A 0)4 Awj A wg^O.we havc: the 
sets of pairs P A-G with P^G have not an invariant measure with respect 
to the group (4.7). 

b) Sets of pairs of paral·lel Unes. It is known that the sets of 
paral·lel lines have an invariant measure under the unimodular affine 
group, which is given by the integral of the following invariant density 
(sce [6]) 

rf(Go + G,) = dGü A dpx 

where à is the distance between the two paral·lel lines Go(/>o,9'o) md 
^\ ÍP\, vo)-

c) Sets of pairs of points. Since the unimodular affine group is arca 
preserving, the pairs of points have obviously the invariant density 

d{Pç, + P{)=^dP^/\dP,. 

d) Sets of pairs of lines. The group (4.7) carrics the line y ^0 
into Gf'.y = lm/a)x — cmla + h and the line * = 0 into Gx'. y "(g/b) x — 
•—gcjb + h. In order that these lines be fixed, wc have 

(4.9) 
€)=3-»'4:)=-]!-»• 

'(-T+*)=-^'+>·-»''(-f^*)=»"'"-r"'-''· 
Al·ltle — M<if(MiiilcJl 21 
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The density for pairs of lines G, 4- G, will be 
d^Gg + G[) = a»2 A (031\ Wj A cog 

and it is effectively an invariant density sincc ¿(wj A tOjAwj A Wg) = 0. 
In order to obtain a geometrical interpretation of this density we 

introduce the normal coordinates />o, tpQ and Pi, tpi of GQ, G| and we have 

(4.10)?? = - c o t ç , o . - - + A = ^ , f = _ c o t ^ „ - Ç + A ^ ^'--
a a sin ç7o o o sin 9̂1 

Thcse equaiities, together with (4.9), give 

0)2 A u)3 A CU5 A «Je _ ¿GQ A ¿GI 

a' ¿3 sin ç̂jQ sin^gji 

where dGo = dpoAd(pQ and dG^=- dpx/\dq>x. From (4.10) we deduce 
w = — a cot y)o> í = — 6 cot «jpi. Therefore we have 

ag — bm — ab (cot î o — cot ipi) = 1 

and consequently we can write 

(4.11) ¿(Go + G,) = ^^-^^^^'- . 
sin^(95, —(po) 

Thus we can state: the sets of pairs of lines Gj + Gj have an inva
riant density with respect to the unimodular affine group, tohich is given by 
(4.11). 

5. Projective groups depending on four parameters. The projective 
groups of the plañe depending on four parameters are the following: 

1. p , qyXp,yq. The finite equations of this group are 
(5.1) x'=ax + by y ' = cy + h. 

The relative components are 

and the equations of structure are 

dm\ = O, du)2 ~ 0> di02 = —co\ A ^3, d(a^ = —(02 A (tí^ . 

We are now in position to consider the following cases: 
a) Sets of point P and Une G such that P is on O. By the group 

(5.1) the point (0,0) goes into P(6, h) and the Une y =* into 
the linc G:y (c/a)x — cb/a + h. The pair P+G will be flxed if 

ia 
1 

a 

de 
(O, = — , 

c 

db 
'"3 ^ — > 

a 

dh 
f"4 - — 

c 
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W3 = 0, co^ = 0, cj2 — (0x= 0. Since ¿(003 A (ú^ A («jj — Wi)) •>• —2w] A102 A 
/\ 0̂ 3 A 0)4 :^ O we have: the pairs P + G with P on G, have ttot an inva-
riant measure with respect to the grout (5.1). 

b) Sets of pairs of parallel Unes. The unes y = x and y = x -^ \ 
are transformed into the general pair of parallel lines G^:y = (c/a) x— 
— cbla + A, G\:y~- {cía)x — bc/a -J h + c. We have 

1:) ( , „ j j _ W , ) , 
a 

(5.2) d\ \- h\ = («2 — (üi) — CÍO-, + cot^, 
\ a } a 

The pair of parallel lines GQ-\-G\ will be fixed if OÍJ — « , = 0 , 
f(>4 — r(j3 = 0, ^2 = 0. Since ¿(w, A fü2A(^3 — f'O) = O ii follows that 
the pairs of parallel lines admite an invanant measure with respect to 
the group (5.1). This measure is the integral of the invariant density 
</(Go + G|) = cí)| A í,>2 A (í/>3 — o>^). In order to obtain a geometrical inter-
pretation of this density we observe that 

(5.3) ''^coty,, _^* + A - - A , í = ."̂  
a a sin (p sin tp 

where />, 71 are the normal coordínales of GQ and A is the distance 
bctwccn Go and G,. From (5.2) and (5.3) we deduce (up to the sign) 

Henee 

<̂  \ A / \ ^^0 ^ dp\ 
— ÍÜl A W2 A (((J3 (Oi) = -7 
a sin* ^ 

(5.4) ¿(Go + G,) 
¿GQ A dpj 

J2 sin íp eos (p 

We have got: the sets of pairs of parallel lines have an invariant 
measure with respect to the group (5.1); this rreasure is given by the integral 
of the invariant density (5.4). 

c) Sets of points P^A-Pi. The pairs of points transíorm transiti vely 
undcr the group (5.4). Therefore they possess an invariant density which 
coincides with the cínematic density of the group, i. e. 

¿/(T'ò + / * i ) = c« i / \ cy2'\ W3 A W4. 
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In order to have a geometrical interpretation of this density we 
observe that the point (1,0) goes into PQ(a + b,h) and the point (0,1) 
into P(b,c + h). Putting 

we have 
dxo dxi dyt dyo ¿x, dyg 

(Dl = , 0)2 = I ft>3°°" > (04 — 

a a c e a c 
and therefore 

(5.5) d(Po+ />.)- ^^''"^^' («1—«o)*(>' i—>'o) ' 

where we have substituted a = *o — *t> <^ '^ y\ —yo-
The pairs of unes are not transitive under the group (5.1); there

fore is meantngless to ask for an invariant measure. 
A remark. Notíce that by the substitution x-¥x + iy, y-*x — iy 

and setting 
a - pe'», c — £)«"", b "^ A + ÍB, h = A — ÍB 

the group (5.1) goes into 
(5.6) x'= Q(xco3a — y sina) + A, j>'- p(jc sin (x + 3'eos a) f B 

which is the group of similitudes of the plañe. The density (5.4) writes 
now (up to a constant factor) 

(5.7) d(P„ + P,) dPp A dPi 

where d is the distance PQ Pi. 
The density (5.4) for sets of parallel lines takes now, with respect 

to the group (5.6) of similitudes, the more simple form 

(5.8) ¿(G„+G,) = ^ ^ > . 

The formula (5.5) was given by Stoka [8). 
2. P, í> xq, xp H- ayq. The finite equations of this group are 

(5.9) x'-ax + b, y'=cx + a'y + h 

where a is a fixed constant and a, b, c, h are the four parameteis of 
the group. 

The general method of n. 1 gives the foUowing forms of Maurer-
Cartan 
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da cda de db cdb dh 
a a« + " a« a a«+' a" 

with the following equations of structure 

a) 5¿rí É»/ pomí P and Une G with P^G. By the group (5.9) the 
point (0,0) goes into P(b, h) and the líne y = 0 into G:y=- (c/a)x — bc/a + h. 
Thcsc elements will be fixed if 

t¿)3 " O, lú^ = 0, a)2 =• O. Now, d(ft>2 A (03 A 0)4) =• —2aÍ/)I A CÜ2 A 0)3 A W4 

and so we have: the pairs P+ G with P^G have an invariant measure 
under the group (5.9) only in the case a =- 0. In this case, putting 

* = *0> A = J'o> - = — cot Ç) 
a 

where 99 means the angle between the normal to G and the jc-axis, we have 
d(p 1 dxQ = ai03, dyo = o)^ + (...) 0)3, . , — - 0)2 

sin^q? a 
and therefore 
(5.10) á(P+C?) = ^ ^ ^ . 

sin'9) 
We have thus established: 

The sets of pairs P + G, toith P on G, have not an invariant measure 
under the group (5.9), excepting the case a = 0. In this case, such a measure 
exists and is given by the integral of the invariant density (5.10). 

b) Sets of pairs of parallel Unes. The parallel lines y = 0 and 3» — 1 
transform by the group (5.9) into G^: y={cla)x—cbja + h, and 
G\: y — {cía) x — cbja + A + a* respectively. Therefore, the pairs of pa
rallel lines transform transitively by the group (5.9) excepting for the 
case a - 0. Let us assume a ^ 0. We have 

(5.11) í / í - | -a«-' . í / j2. ¿ í — - + A] ¿a«-'a)2 + a«(U4, 

di h A -f a«| = —ba*~^ 0)2 + <í"t<)4 + aa'wi. 

The conditions for keeping GQ, G, fixed, are then 0)2 = O, on ̂ 0 , tü| = 0« 
Since d((Oi A ojj A 014) = O we have that the sets of pairs of parallel lines 
have an invariant density with respect to the group (5.9), namely 
í/(Go + Gj) = íO] A (tí2 Aü)4. 
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In order to get a geometrical interpretation of this density we put 

(5.12) ' = -cot V , - - + A -- -^"- , a» = - ^ 
a a sin 7) sm (p 

where (po, rp) are the normal coordinatcs of GQ and A the distance between 
Gfl and G,. From (5.11) and (5.12) we deduce (up to a constant factor) 

(5.13) ¿(Go+G,)= ^ ^ - -

The following theorem summarizes our results: 
The sets of pairs of paraïlel Unes admit an invariant measure uith 

respect to the gioup (5.9), assuming a =5̂  0. This measure is given by the in
tegral of the invariant density (5.13). 

c. Sets of pairs of points and sets of pairs of Unes. The pairs of 
points transform transitively under the group (5.9); therefore the sets 
of pairs of points will have an invariant measure, which coincides with 
the cinematic measure of the group, i. e. 

¿(Pn -h Pi) = «)\ A W2 A ü)3 A ft)4. 

A geometrical interpretation of this measure may be obtained as 
follows. The pair of points (0,0), (1,0) transforms into the general pair 
of points Po(*. h), P,(a + ¿>, c + h). Since 

db = aw3, ¿A = a*o)4 ̂ - CÍ;>3, da = a^i, de = a'wj + coi 
we have 

d (P, + P,) = a«+̂  wi A (02 A W3 A o»4. 

If we call Xo.Jc, the abscissac of Po and P,, observing that a - * , - x,, 
we get the expression 

(5.14) d{P^ + P{)=. ' ' ^ ^ A ^ P L . 
( * . - *o) '^^ 

For the case of sets of pairs of lines, we observe that the pair 
y=Q,y=.x transforms into the pair G^.y ='{cla)x — cbia +h,G^:y ^ 
«= (c/a 4- a«-i) * - {cja H a—') b-\-h. Thus, excepting the case a - 1, the 
pairs of lines transform transitively, and therefore thcy posscss the 
mvariant measure ¿(Go + G,) =aj, AwaAwa Aw^. In order to obtain a 
geometrical interpretation of this density, comparing the equations 
above of G^.G^ with their normal form we have 



21 INTHORAL OEOMCTRY OF THE PROJECTIVE_QROUPS_OF THE PLAÑE 327 

_ = - c o t i l o , i-h-^-——, - 4-a"-'— — cotgs), 
a a sin q>(, a 

a sitKpi 

From these equations and the expressions of the relative components 
of the group, we deduce 

¿GQ A dGi , t\ A. , 
• Q r •,— = Ca — ' J «*• ' wi A W2 A <'J3 A W4 

sin í̂posin^ç), 

and consequently, up to a constant factor, 

«+' 

(5-15) d(G, -! G,) = (s'Pyo"nyi)'~'<^Qo^^Qi . 

(sin (97, —,!>,))"•-< 
In conclusión: 

The sets of pairs of points and the sets of pairs of Unes have respecti-
vely the invariant densities (5.14) and (5.15) toith respect to the group (5.9). 
For the case of Unes, the group corresponding a — 1 must be excluded. 

3. p,q,xq,yq. The finite equations of this group are 

(5.16) x'·^x+a, y'^bx>rcy + h. 

The forms of Maurer-Cartan are 

,_ ,_. db de beta , dh , 
(5 .17) Oíi ^ — ) «>2 = — » «)3 = ^ - H , 0)4 ' " » í 

c c c e 
and the equations of structure 

í/«)i = Wj Acu2, dcoi = 0, dto3 =^ •^o)\Aon —(ü2^tü3t ¿ct)4 = o 

as is easíly deduced from the general method of n. 1. 
a) Sets of pairs of point P and Une G such that P is on G. The 

point (0,0) transforms into P(a,A) and the linej' = 0 into the line 
G: y = bx — ba + h. These elements will be fixedif 0)3 —0,0)4 —0,a)i = 0 . 
Since d (o), A wa A "><) =" 2 wj A «Ja A wa A «"4 =̂  O» we deduce: the sets of 
pairs P + G toith PiG do not possess an invariant measure under the 
group (5.16). 

b) Sets of paral·lel Unes. The parallel Unes y — 0,y = 1 transform 
into the general pair of parallel lines GQ: >> — 6X—6a + A, GJ: 
y=bx—ba + h:^c by the group (5.16). They will rest fixed if un - O, 
í.)3 =" O, r.)2 = O. Since d (wj A (»2 A «J3)"" O > wc have that the pairs GQ + Ĝ  



328 I.. A. SANTAI.O 2̂2 

of parallel lincs have the invariant density ¿(Goi G,) = (,j,/\(02 Aws-
In order to obtain a geometrícal interpretation of this density we intro
duce the normal coordínales (poi'pa) of GQ and the distance à = P\—PQ 
bctween both parallel lines. We have 

b = —cot(fo> —ba f h = /̂ " , c = . 
sin 9̂ 0 sin çp^ 

Taking diffcrcntials and comparing with (5.17) we gct 

sm* ífQ sin ipQ sin q^o 

Exterior multiplication gives (up to the sign) 

GQA 

sin̂ ĝ f, 
which can be writtcn 

(5.18) rf(Go4-G,)=.'^-^''A^^·. 
á ^ sin <po 

Our result is: 
The sets of parallel lines have an invariant measure under the group 

(5.16) which is given by the integral of the invariant density (5.18). 
c) Sets of pairs of points and sets of pairs of lines, The pairs of 

points do not transforra transítively under the group (5.16). 
For the sett of pairs of lines we observe that the line jy -• O goes 

into GQ-, y -^-bx — ha \ h and the line y = x into G, :_y =r (6 -I- c)JC — 6a — 
— ac-\-h. If we introduce the normal coordinates, we have 

,.3 A A ¿ G Q A ^ ^ P I 
C "»1 A ">2 A ("3 = 

b 

Substi 

ri)3 = 

= — c o t yiQ» — 

ituting in 

tui = 

c sin (pQ 

— 

(5.17) 

ba + h-

ba 

we 

d(po 

c sin' (po 

BdqpQ, » 

— ac 

get 

<02 

í.)4 = 

= ^ « - , b-
sm ç)o 

sin <p\ 

c sin^ Ç), 

c sin (p\ 

f c — — cot 

/l¿qP0> 

Vo + ^¿9?! 

Ç'l» 

+ Edpo 

where A,B,C,D,E are expressions whose explícit form is not neces-
sary. Thus 
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jfr> I r^ \ siXl Wn sin (p, d Gn Ad Gt 

this is íAí invariant density for pairs of Unes under the group (5.16). 
4. q,xp,xq,yq. The fioite equations of the group are 

(5.19) x'^ax, y' = bx + cy + h. 

We casily obtain 

/c on^ <̂̂  ¿ <fa , ¿¿» </c dh 
( , o . ^ u ; 0)1 = — , 11)2 — — H — , f/)3 = , Í-J4 = — 

wíth the equations of structure 

a f')i = 0 , ^ a (,¡2 ~ (>>i /\ <»2 -f- (i>2 A "'a > d {03 ~ O, d M^ = — 0̂ 3 A "U • 

We shall consider the following cases: 
a) Pairs of point P and Une Gwith P onG. Tht point (1,0) goes into 

P{ayb + h) and the line 3/+ x = 1 goes into G:y = \{b — c)la)x -\- h ) c. 
These elements will be kept f ixcd if w, = 0, r», + 0)4 = 0,0)3 + u)^ = 0. 
Since ¿(fijt A"í2A';'>3 4-wi AW2AW4 + "J| Aw4A.">3)¥^0 it foUows that 
the pairs P + G toith P^G do not possess an invariant density under the 
group (5.19). 

b) Sets of paral·lel Unes. The group (5.19) maps the parallel lines 
3; = 0,3» = 1 into y = (b/a)x + h, y ^ {bla)x\-h + c. These lines will be 
fixed when (02 — 0, <oj = 0 , (1)4 = 0 . Since d (oĵ  A "^3 A <'u) = ">i A "J2 A 
Af"3 Att'4^^0, it follows that the sets of paraUel Unes do not admit an 
invariant measure with respect to the group (5.19). 

c) Sets of pairs of points and sets of pairs of Unes. The sets of 
points do not transform transitively under the group (5.19). 

For sets of pairs of lines wc may take the lines y — 0 ,x I y ~ 1 which 
transform into the general pair G^-.y {bla) x-t hyy = {(b — c)/a)x-\- h -}- c. 
Introducing the normal coordinates of the lines we have 

(5.21) * = _ c o t ç , o . A = -^JL-, * r : ^ - - c o t , , , , A + c - . ^ ' - . 
o sin (pQ a s in q>i 

Differentiating an applying (5.20) we get 

^ '^fo dpQ , . j a d(px _ , 

csm^ípo csmçjQ csin'çji 

(úi 4- W4 ~ — - —f- Bdipy. 
C S ld rp\ 

Exterior multiplication gives (up to the sign) 
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d(Go 4- Gx) — (oi A (02 A ">3 A «"4 

From (5.21) we have 

c 
COt(jpi — C O t i f Q , c — 

and therefore 
sing9| sin îQ 

d(Go+G,) 
sin (pQsinyi dGo/\dGi 

(Pjsinqpo—/»o8Ín()í)i)28Ín'((;pi — (po) 

Thís is the expression of the density for pairs of Unes which is invariant 
under the group (5.19). 

5- P,xp,yq,x{xp + yq). The finitc equations of the group are 

(5.22) ax + b ey 
ex -{ h' "^ ex + h 

This is a group of projective type; it corresponds to the matrix 

(a O b\ 
(5.23) A- O e O , Í (aA - ¿c) - 1. 

\e O h) 

The forms of Maurer-Cartan are the elements of the matrix 

Ü - A-^ dA = 

and write 

(5.24) 

(Ú\ o (02 

O t03 O 

\(0i o fOj/ 

de 
loj^ehdb — bedh, 0)3——, 

e 
0)1 — ehda — be de, 

(o^ •» —ceda + aedc, ios ^ —cedb -| aedh, 

They* satisfy the relation 

(1)1 + (1)3 H- f05 •" 0 . 

The equations of structure in matrix form are dQ — — Q/^Q and in 
explicit form write 

dtüi >" — ÍO2 A «>4 J í /w2 ~ — f i c o i A<U2 + ^ 2 A' · 'S» J í O s ' · O . 

</(Ü4 == 2 t t í i / \ í i ) 4 4- W3 A í " « > í / W 5 = ( Ü 2 / \ f 0 4 . 
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From (5.24) we deduce 

da = a vi\ + ¿ W4, db ̂  a 102 + ¿ 05*, de ̂  h m^ + í wj , 
(5.25) 

de =" e fi);), dh = h ÍOS 4 c m2 • 
We have all necessary elements for considering the following cases; 
a) Sets of point P and Une G such that P is on G. The point (0,1) 

and the line x + y = í are maped under the group (5.22) into the gene
ral pair P(b/h,elh),G\y = — e""{c + h)x ^- e^(a -1- b). Making use of (5.25) 
we have that the pair P \- G will be kept fixed if «2 = 0,^), 1-2̂ 03 = O, 
3w3 + oj4 = 0. Since d{u)i/\{«)\ + 2(ü,)j\{'i(Oi I (U4)) —O, we have that 
the sets of pairs P \- G with P^G have an invariant measure under the 
group (5.22). This measure is the integral of the invariant density 

d(P \ G) = (1)2 A ((•'>! + 2 (Og) A (3 c)3 + (Di). 

In order to have the geomètric meaning of this density we intro
duce the coordinates x "b/h ,y = e/h ot /* and the normal coordinates 
p,fp of G, given by the expressions 

We have 

í2(c4 A) == coty., e'(a + b)'m '^ . 
sin 7) 

j (1)2 j 2 eh (03 + eh Wj — ec <02 
en' «2 

- ^ í* (A — c) (í), — e'^c o)t — e* (2c + A) oy^ — e^h (o^. 
sin^ (p 

Hxterior multiplication gives (in absolute valué) 

sin^ip h^ 
and since efh·ssy, 

(5.26) d{P\-G)^^^'^''\ 
y* sin' rp 

Thus we have shown: 
The sets of pairs P + G with P^G have an invariant measure under 

the group (5.22); this measure is the integral of the invariant density (5.26). 
It is worth while to mention that the group (5.22) and the group 

(5.9) for a => O are the only projective groups depending on more than 
three parameters that have an invariant measure fot the sets P+ G 
with P g G . 
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b) Sets of pairs of points and sets of pairs of Unes. Since the pairs 
of points /»o 4- P\ and the pairs of lines G^ + G, transform transitively 
under the group (5.22) they wiil have an invariant measure, which 
coincides with the cinematic measare of the group, i. e. is the integral 
of the density wj A ">2 A <»3 A "M • 

In order to get a geomètrica! interpretation of this density in both 
cases, we may proceed as follows. 

The points (0,1) and (1,1) are carried by the group (5.22) into the 
general pair Poib/h,e/h) and P, ((a + ¿)/(c-I-A), c/(c f A)). Setting 

(5.27) *o=7 , 3*0 = T> *i h h c + h c + h 

and using (5.25) we get 

dPo = dxo A rfyo = ^ '-lAi"3.±-ÍL'2 A '"i. 
A' 

Moreover, because (5.25), we have 

. JÍ ^ \ *(* — Owi — ec W2 + * (c + 2A) í.)3 — «A (1)4 
•̂ ' U + AJ (c + hy 

Thcrefore we have 
dPi - í/x, A úTyi -

— <•'>! A <'>2 + 3 '"1 A W3-~ <i)i A íi>4 -f- 2ü)2 A W3 — <'»2 ^ '"4 + "̂ 3 "̂̂  '"4 
=, (c + A)3" ^ 

Thus, up to the sign, we have 

h^ic + hy 

In virtuc of (5.27) and the relation e (ah —. éc) == 1 the last equality 
can be written 

(5.28) á(Po + í»i) ¿PQ A dPi 
yoyiiXi — xoy' 

In order to get a geomètrica! interpretation of the cinematic density 
in terms of the coordinates of a pair of lines Go{po,<po),Gi(Pi,mi) we 
proceed as follows. The lines y ^ x and x {y— I are carried by the 
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group (5.22) into Go: y = e^hx — en,Gi:y =-e^c + h)x + e^(b+ a), 
and thcrefore wc have 

(5.29) «»A - —cot q>o, eH^- -p~, 
sin rp^ 

í2(c + A)=COt9>,, í2(¿ + fl)- '''' 
8inç7| 

Differentiating we get 

- - 7 — = —«*Awi +e^C(x}2 + e'^h(x}-i, 
s in ' ç>o 

siiiçiQ 

dtpi 

sin^T?, 

sin 9)1 

Exterior multiplication gives 

dGo/\dGi 
.— r-z— =" o«°cui AÍU2AW3 A«>4-

sin'gsoSín V i 
From (5.29) and thc relation e (ah — ¿»c) =• 1 wc deduce 

sin (̂ 0 sin q)i 

Therefore the density for pairs of Unes can be written 

dGoA^Gi 
¿(Go+G,) 

sin çiQ sin qji (Po cos tpi —pi cos ¡p^y 
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ÜHOMETRIE INTÉGRALA A GRUPURILOR PROIECTIVE ALE PLANULUI 
CARE DEPIND DE MAI MULT DEClT TREI PARAMETRI 

Rezumat 

Intr-0 lucrare anterioará [5], am gásit tóate grupurile proiectivc 
reaic ale planului, pentru care muliimile de puñete $i multimile de dreptc 
admit o mjsurá invarlantá. Pentru grupurile de proíectivitàti ce depind 
de mai mult decit trei parametri, se pot considera multimi de perechi 
de elemente (douá puñete, douá drepte, punct $i dreaptá) $i se pot cauta 
acele grupuri, care posedS o mSsurá invariantá peniru mulfimi de astfel 
de perechi de elemente. Obiectul prezentei lucrári este de a cerceta aceste 
cazuri. Printre áltele, se ob în urmátoarele rezultate tipice: 

a) Singurele mulfimi de perechi de elemente, care au o másurá 
invariantá, in raport cu grupul proiectiv general, sint mulfimile P + G 
(punct $i dreaptá), astfel ca P sá nu fie pe G. Densitatea invariantá are 
forma simplá (2.14). 

b) Mul{imile de perechi de puñete PQ + P, $i mul{imile de perechi 
de drepte GQ + C?, au o densitate invariantá in raport cu grupul afin, 
unimodular, cu cinci parametri {p,q,yp,xq,xp —yq) %i in raport cu grupul 
cu cinci parametri {p,q,xq,2xp + yq,x{xp+yq)), dar ele nu au o má
surá invariantá la grupurile proiective, cu mai mult decit cinci parametri. 

c) Printre grupurile proiective, ce depind de mai mult ca trei pa
rametri, numai grupurile (p,q,xq,xp) §i {p,xptyq,x{xp A-yq)) conáMC la 
p másurá invariantá pentru múltimi de puncte-dírepte P-\- G, pentru care 
P apartine lui G. 

d) Singurele grupuri proiective, ce depind de mai mult ca trei pa
rametri, care furnizeazá o densitate invariantá pentru mul̂ imi de drepte 
paralele sínt urmátoarele patru: {p,xp,q,yq\ip,q,xq, xp-{-yq),{p,q,xp,yq), 
(P>q,yp,xq,xp—yq). 
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HHTErPA;ibHAa TEOMETPHH nPOEKTHUHblX FPynn IIJIOCKOCTH, 
3ABHCnmHX OT BO/IEE HEM TPH nAPAMETPA 

K.paxKoe coAcpMaHHe 

B paGore [5], MW HauiJiH Bce npoeKiHBHbie rpynnu njiocKocTH, 
jjifl KOTopbix MHOíKecTBa TOMCK H MHOwecTBa npHMbix flonycKaioT HHBa-
pHaHTHyio Mepy. JXnn npoeKTHBHUx rpynn, aaBHCHiUHX OT 6o;iee 'lein TpH 
napaMerpa, MOWHO yqHTbisaTb MHOMtecTBa nap sJieivieHTOB (ABC Tô KH, 
ase npHMbie, TOMKa H npHMafl) H MO>KHO HCKarb rpynnu ^onycKaiouiHx 
HHBapHaHTHyio Mepy a.nn TBKHX MHO>KecTB nap 3;ieMeHT0B. 3TH cJiyMaw 
paccMaxpHBaioTCH B HacTonuxHñ pa6oTe. HaxoflHTCH pau. peayjibTaxoa 
CpeAH KOTOpblX CJICAyiOmHC nBJIHIOTCn THnHMHbIMH : 

a) EAHHCTBeHHbie MHOwecTBa nap 9;ieMeHT0B; AonycKaiomHc HHBapH-
aHTHyio Mepy OTHocHreJibHo o6meñ npoeKTHBHOfl rpynnw, 3TO MHoxcecTsa 
P-\- G (TOMKa H npjiMaH), TaK ITO P ne npHHaA^CKHT G. HHBapHBHTHaH 
n;iOTHOCTb HMeer npocToe Bupa^KeHHe (2.14). 

6) Ml·lowecTBa nap ToneR (/*o + P\) H nap npaMWx (GQ + G|) HMCIOT 
HHBapHaHTHyio njioTHOCTb oiHocHTe.ibHO naTHnapaMeTpHiecKoro, a())(|)HHHOH, 
yHHMoAy.nnpHoA rpynnw {p,q,yp,xq,xp — yq) OTHocHTe;ibHo nHTHnapaMe-
rpHMecKoro rpynnu {p,q,xq,'¿cp \ yq,x(xp-\-yq)) Hone HMCIOT HHBapH-
aHTHofl njioTHocTH 0TH0CHTe.nbH0 npoeKTHBHbíx rpynn aaBHcniUHX OT 6O-
Jiec qeM nHTb napaMeTpoB. 

B) CpcAH npocKTHBHbix rpynn c 6o;iee MCM TpH napaMerpa, To.nbKO 
rpHnnhi (p,q,xq,xp,) H {p,xp,yq,x(xp + yq))Ji.aK)T HHBapnaHTHyío Mepy 
flJiH MHOwecTB {P 4- G) (ToqKB H npHMafl) TBK MTO P npHHaA-newHT G. 

r) EflHHCTBeHHbie npoeKTHBHbie rpynnw c Co^ee ICM TpH napaMCTpa. 
KOTopue AaioT HHBapHanTHyio n.noTHOCTb ana MHowecTB napajíejibHux 
HBJmioTCH c;ieAyiomHMH : (p.xp,q,yj), (p,q,xq,xp+yq),{p,q,xq,yq). {p,q, 
yp, xq, xp—yq). 


