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1. Introductlon. In previous papers [4]," [5], [6] we ha ve studied the following 
generalization of Einstein's unifíed theory of 1950. The space-time is assumed to 
be a four dimensional differentiable manifold endowed with a non-symmetric affine 
connection r\k a°d a non-symmetric covariant tensor QÍJ. The most general covariant 
tensor Tij, which depends only on the connection Tj* and its ñrst partíal derivatives 
and it isat most of second degree as function of Tyt, is the tensor(2.13) where a,^,..., 
V are arbitrary constants. Then we form the density ra£r'*li¡r|'̂ ' and deduce the fíeld 
equations from the corresponding variational principie. The fíeld equations depend 
on the set of constants a, j9, . . . , v. The classical Einstein's theory corresponds to 
a = l , p = Tf = ••• = v = 0. Particular cases have been considered by M. A. Ton-
nelat ([7], Note II) and ([8], p. 351-363) where related works of Nguyen Phong Chau 
(1963), J. Lévy (1959) and L. Bouche (1961) are mentioned. In [6] we have analyzed 
the conditions of the constants a, j8, . . . , v for the field equations to be invaríant by 
;i-transformations or for T^ to be a pseudo-hermitian tensor. In the present paper 
we shall give some complements of the general theory and, in particular, we establish 
the conservation laws or conservation identities which are satisfied for any set of vari­
ables (/^t. OH) which satisñes the fíeld equations. 

Though we use small changes in the notations, the main references for the 
concepts and formulas in the sequel are the books of A. Lichnerowicz [3] and 
M. A. Tonnelat [7], [8]. 

2. NotattoM and Md eqnation. Let r\k be an afflne connection and let 

(2.1) J}» = KrJ» + r\s), s), = i(r}» - rij) 
be its symmetric and skewsymmetric parts {J% is a connection and S)^ is the 
tensor of torsión). Following Einstein we set 

(2.2) Si = íft„. 

Let Qij be a non-symmetric tensor. If g denotes the determinant of QÍJ, assumed 
^ O, we introduce the densities 

(2.3) ®i, = gii\g\''\ Sin = HQiii + ®ii)' tí<i = i(®<y-

For any tensor or density of second rank, Einstein [1] introduoed the mixed 

Reoeived February 12, 1972. 
1) Numberi in brackets refer to the raferenoei at the end of the paper. 



3M L. A. Santaló. 

covariant derivative, obtained when one differeatiates the fírst iadex with respect to 
r% and the second index with respect to t),, = Flj- We will denote this mixed 
covariant derivative by a vertical bar. For instance we put 

(2.4) ®**,. = ®'*., + rí..®"* + rt,®*" - jr.®**. 
where a comma denotes ordinary partial derivative. Denoting by a semi-colon the 
ordinary covariant derivative with respect to the connection r}t> ^^ ^ve 

(2. 5) ®<*|. = ®'»,. + 25*,,®*" -5 .®". 

Notice that for symmetric densities $'* =: Q" we have 

(2. 6) $",. = «",. + 25Í,$*- + ISl.Q'" 

and for skewsymmetric densities g" =• — g**, 

(2.7) g"i.= - g " i . + 25í,g'- + 25í . ,r*. 

In particular, we have 

(2. 8) 4>"ii = Q"M + 2í-«"* 

(2. 9) fS% = - g " „ + 25{.g*- + 25.8f» . 

Notice also the formulas 

(2.10) g»*„ = g",, + r5.,8"' - s,8", 
(2.11) «"„ = ç"., + r»,<«-* - 5,«". 
Though in general we shall use densities instead of tensors, we state the follow-

ing form^: 

(2.12) ®'»,. = lai'V.. + a^'QQn.. - a**lar''4í.. 
which holds good for any covariant derivative. By means of (2.12) the field equa-
tions in the sequel may be expreised in terms of the tensor (r<̂ . 

The most general covariant tensor T'M. which depends only on the connection 
r*jk and its flrst partial derivatives and it is at most of second degree as (ünctions of 
r)». is 

(2. 13) r « = alUk + i9(ja,.» - áTm.i) + r-S?»!. + íSïrSÍ, 

+ tSi-K + ^»,« + fiS^STk + V Í A , 

where /{<» is the Rioci tensor 

(2.14) Ra = FT,., - í?-.» + i%rL - n,r{,. 
For a proof. see [C]. 
The variational principie 

(2.15) ¿ír«®**rfr = 0 

<where A- = <biA«b%A¿3%A Jx^) gives rise to the field equations 

(2.16) «V = 0, ra = 0 

fiM rei. where eouations (19) an cleariv misprinted), where 
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(2. 17) «;• = a ( - ® " „ + ®"5, + (®"|, + ®'%)d'r) - m".tS'r + t?".,5í) 

+ «{-Í(®".. + © " H A W + i(®",, + ®"A\)<5'r - ®"Sr) 

+ m-®".t - ®"n<)3í + m".t + ®**n<)¿; - ®".Sr} 

By means of (2.12) it ís easy to express these equations ia terms of the tensor 
g" instead of the density ®**. For instance, for the classical case a = I, /$ = ;• = 
•. • = V = O, we get 

©••„ - ®«'J, - (®",. + ®'%)d'r = \or(a":r - {rU - rr)g'' 
+ ifi^s-ri - j;(a",< - {rU - rt)a") = o. 

where ;<« = {\g\^'*),t, ín sccordance with Lichnerowlcz [3]. 
The expression (2.17) takes a simple form if the constants a,j9,7-, . . . . v are 

•uch that 

(2. 18) a ^ O, a + r ?t 0 , 3 = 0 , (2^ + /<)a + (« + í4)r = O , 

a set of conditions which we will assume satisfied from now on. 
In this case it is useful to introduce the new connection 

(2. 19) L\r = r j , + i(2 - (« + <4)/a)á!í, - i((. + ?5)/a)á;,S,. 

which is such that 

(2. 20) L, = i{L% - L\t) = O . 

Then the first equations (2.16) split into (see [6]) 

(2.21) o;* s -a®"„(L) - rd"\ÁL) + i(r + 2/8)3;{y»'., 
+ i(-2a + 2¿3 - rtííS".* = O , 

(2. 22) «{• = 4(. - ^ - /i)8f*u(i) + (2a - 5j8 + r + f/»)»",, + }(« + í4)«"u(£) 

- {(« + ^)(2a - » - ^)/a + 3 + 3v)5,C" = O , 

where the mixed covariant derivatives refer to the connection I,},. 
From (2.21) having (2.8) «nd (2.9) into aocount, we deduce 

(2. 23) Oi' - Oí* « 2(a + rm'\i(L) - I^'.g*" - Of'*,,) == O . 

Henee, according to (2.10) and (2.20), the equations C<* — Oj' = O are idèntic-
aUy satisfied and that justifles the addition of (2.22) as field equations. On the 
otber side (2.21) gives 

(2. 24) O,** + Oí* • -2 (« + r)Umd** - 2aíí-*u(L) + tf(2fi - a)ff*.i = O . 

Henee, from (2.23) and (2.24), anuming a + r *0, we have 

(2-25) r*i<W = «.8f*- + 8f".,. 
(2. 26) a^'UL) = i(2fi - a)gf*,, - (« + r)«.»** • 

SubsUtuting (2.25) and (2.26) into (2.22) and having (2.18) into account, we get 
the interesting relation 
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(2. 27) A^'\i + BSi^'* = O . 

where 

(2. 28) A = 2a-5^ + Sfi{t + ^)/a - s - 4^ + r , 

(2. 29) B= -{s + ^)(2a - i - ij>)la - 3 - 3y . 

Notíce that by means of the connection L\, the tensor T^ writes 

(2.30) r« = r«(L) + è (̂5,.» - 5»,o - ias,5», 

and the second set of fíeld equations (2.16) writes 

(2. 31) r,»(L) + ^ (̂5-,.» - S,,¿) - Í A S A = O . 

The fíeld equations are (2.21), (2.22) and (2.31) from which the relations (2.23), 
(2.26) and (2.27) follow. The unknowns are L\r, ®'*. 5<. The components Hr «re 
then given by (2.19) from which the relation T*, — rj« = 25< foUows. 

3. Pmrtíciilar caaes of the fleld equations. Taking account of (2.27) we see that 
there are two important particular cases to be considered: 

a) B = 0, Ai^O. Then (2.27) gives 

(3. 1) ^'\i = O . 

and equations (2.21) give 

(3.2) a®'V(i') + rg'VW = O . 
Equations (2.31), if A = O, may be written as 

(3.3) r,«,(£) = O. rc«],y(L) + T^KOÁL) + r„,].»(¿) = o, 

where ( ) denotes the symmetric part and [ ] the skewsymmetric part of the tensor 
Tiu(L). The field equations are (3.1), (3.2) and (3.3). When ;• = O, this system 
reduces to the so called **weak system" of Einstein. Thus, we have preved that 
any tensor Tu, (2.13) such that the constants a.)3, r. . . . , v satisfy the condltions 
(2.18) and B = 0, r = 0 (£ given by (2.29)) gives rise to the fleld equations of the 
weak system of Einstein. 

b) A = Q, B^Q. Assuming that the determinant ||4>''|| # O, (2.27) gives 

(3. 4) 5< = O . 

Then, according to (2.19) we have L ,̂ = r\r- Having into account (2.18), (2.2!0> 
(2.26) and (3.4), it foUows that equations (2.22) are identically satisfled, so that 
the field equations reduce to (2.21), (2.31) and (3.4) which may be written ai 

(3 5) "®*'" •*• ''̂ **" ~ *̂ '' "̂  ^''^^'^*'·' ~ * ^ " ^ + ^^ ~ '•^^'^'*·' = ° ' 
5, = O. r« = O. 

The more simple case corresponds to r = O, ^ = 0. Then the system (3.S) takes 
the simple form 

(3.6) ffl'V = - í ¿ ; g ' ' . í . "5* = O, r„ = o , 

where 
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Ta = aRis + {2a - 4<^)S,.,^ + ^S^,, - 2^S^S7k + 1-5,5» . 

These fíeld equations are valid for any set of constants a =^0,^, v. We tuve 
applied that in the present case we ha ve « = 2a — 4^, / i=—2^. For instance, the 
particular tensors ^Rik, '^k considered by Tonnelat ([7], pp. 129-130) belong to this 
class. Indeed. '/{«A corresponds to a=\, ^ = J , y = 0 and '/S,» corresponds to 
a = 1, <4 = i , v = —i-

The tensor '/?,* of Tonnelat ([7], pp. 129-130) corresponds to « = 1 , ^ = i , 
;• = O, ¿ = O, * = ,̂ ^ = i, ;i = —f, vz=. —\ and henee A^O, B = 0. Equations 
(2.27) are identically satisfied and the fíeld equations reduce to (2.21) and (2.31) 
which in this case may be written as 

(3. 7) -®"|r(i) + J3;iï".< - iájg"., = O. 'R,,(L) = o . 

c) As a last example we consider the Einstein tensor (see [1]) 

(3.8) £,» = -i(jr«,» + JTM.Í) + rTk., + r;»ji - nn^. 
which corresponds to 

(3.9) a = l , ^ = i , , = 1, r = 8 = ^ = fi = v = 0. 

We ha ve A=\, B=z —1. The connection (2.19) writes 

(3. 10) Ll = n + mSr - iS'rSt , 

and the field equations (2.21) write 

(3. 11) - ®"„(L) + K » " . , - iòir\i = o . 

The fíeld equations (2.22) are equivalent to (2.27), i.e. 

(3. 12) g"., = 5,$" . 

The field equations are thus (3.11), (3.12) and £» = 0. Adding the condition 
Si = 0 we get the "strong system" of Einstein ®*'i, = O, 5, = O, £« = O which. 
however, is not deducible from a variational principie. 

4. Conwrvadon laira. To get the identities of conservation we will foUow a 
similar approach to that of Lichnerowicz and Weyl for the case a ~ I, /3 = ;• = . . . 
= v = O (see Lichnerowicz [2]). 

Let C be a domain of the space-time of boundary dC and let f' be a vector field 
which vanishes on dC. Consider 

(4. 1) / = í ® " r « J r = {%dT, 

where % = r^íii^lffl"* = g*^a »nd dr = dxi A dx, A dx» A dx^. 
The Lie derivative with respect to the field {' is 

(4. 2) L,I = [L(X dr = í (%$*).i dr . 

By means of the Stoket' theorem this int^ral transforma into an integral ex­
tended on dC, which is zero since f' vanishes on dC. Thus we have 

(4. 3) L(I = 0. 
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On the other síde, recali ttut the Lie derivative of Fji, is a mixed tensor of 
contravariant valence I and covariant valence 2, gíven by 

(4.4) L,r% = f*.y* + rr;». . - í\,r7, + r.jrí, + r .»rí, 
(see Yano [9]). Thus, assuming that the vector field Ç* and its firat and second 
derivatives vanish on SC, we have, on dC, Lfr% = 0. According to the variational 
principie from which the ñeld equations are deduced, this condition implies that 

and (4.3) gives 

(4. 5) Lfl = ( TaL,®** </r = 0 . 

As is well known (see Yano [9]) we have 

(4. 6) L,®" = f"®'\» + ®**f".- - ®"Y,- - ®*V, - . 

and henee 

(4.7) r«£,®** = f-r«®*»,« + r«®**í-,« - (r.»®"* + r<.®'-)f,, 
= [Ta®*^r - (T'ü®** + r,.®*-)n.. - ®**rr«.. 
+ (T'à®-* + Tu®*').»r . 

Substituting this expression in (4.S), applying then the Stokes' theorem and 
having into account that the vector ñeld $* is an arbitrary vector field which vanishes 
on dC (together with its firat and second derivatives), we get 

(4. 8) (r.»®-* + TuQi"U - ®"7'«.. = 0 . 

Putting 

(4.9) ©r = i(r.»®-* + r„®«-) - i¿r®"r«, 
(4.8) may be written as 

(4.10) aBr.« + i7'a®".. = 0, 

which is the firat form of the four identities of conservation. 
These identities refer to the connection r} , . If we want to introduce the con* 

nection ¿4, (2.19) which gives rise to the field equations (2.21) and (2.22), notice 
that substituting the expression (2.30) of T» into (4.9) we get 

(4. 11) SB: = i(r,»(L) + iA(S.,, - S»,.) - i«S.S»)®-» + i(r».(L) + i^J». . - J..») 

- iflSA)®*" - ^:QÍ*'ÍT,,ÍL) + \A{St,i - s a - ÍBS^SJ) 

= ir.»(L)®«* + ir»,(L)®*- - ^7®*%^^) + iAS,.k - í...)»"* 
- id7A(Stj - san*' - ^BS^^·' + iBi79*'S^,. 

Putting 

(4. 12) 5ir = ir.»(L)ffl-* + ir»,(L)ffl»- - idT<»*'T(j(L) - iBSAí>"* . 

and having into account the value of 8Br> an M*y calculation shows that (4.10) 
may be written as 
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(4. 13) 5R.-. + jr^XD®'/,. + iS,,.(A^",, + BS,^") - i ^ . . » g " . , = O . 

which is the second forra of the ídeotíUes of conservation. 
Notice the relation 

(4. 14) 9ir = 2Br _ iA(S.,, - 5»,.)g-» + Í3:A(S,J - Sa^" - idTBS,SjQ*' . 
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