
TENSOR, N. S. 
VoL. 37 (1982) 

GEODÈSICS IN GÓDEL-SYNGE SPACES. 

Dedicated lo Professor Akitsugu Kawaguchi 
on ihe occasion oj his SOth hirihday. 

By L. A. SANTALÓ. 

§ 1. Introduction. J. L. Synge [8]" has considered 4-dimensional spaces which element of 
line has the form 

(1.1) ds'=dxi + 2h{x^)dx¡dx2 + g(.Xt)dxi -dx^-dxi, 

wherc h and g are functions of X4 only, which wc assume of class C" and g always positive. For 
2g = h^ and h = expxt, (I.I) reduces to the Gòdel's clàssica! line element ([5],[61). 

According to a result of Bampi-Zordan [2] (see also J. P. Wright [9]), if the mètric (1.1) 
satisfies the Einstein cquations of General Relativity for a perfect fluid, then all possible solutions 
for h and g give rise to spaces which are isomctric to each other and thcrcfore isomctric to 
Gòdel's space. However, the spaces with the mètric (1.1) have some particular properties whose 
relations with the Gòdel's case may have some interest. Our purpose is to study the geodèsic lines 
of ( l . l ) and to compare with the work of S. Chandrasekhar and J. P. Wright on geodèsics in 
Gòdel's universe [3]. We will give, fírst, an isomctric embedding of (1.1) in a pseudocuclidean 
space of 10 dimensions, from which some properties on closed time-like curves can be deduced. 
Finally, we give an isomctric embedding in a 10-dimensional pseudocuclidean space of Gòdel's 
space in cylindrical coordinates and deduce some consequenccs. 

§ 2. Isometric embedding of the are element of GOdel-Synge in a pseudoeuclidean space of 
dimensión 10. The line element (1.1) is isometrically embedded in the 10-dimensional pseudo
euclidean space 

5 10 

(2.1) ds^^Y^dzf-Ydz^ 
I 6 

by the functions 

^i=-<^i. Zi-yjgcosxj, Zi = sl g sin jcj, 

(2.2) Z4 = .y2/icos i ( x , + x j ) , r5 = .^2/i sin i(Ar,+JIC2). Í 6= -<3 . ^•I = X^> 

H = sl g , 2, = .y2Acos i ( x , - X j ) , 7,0 = 7 2 * sin i (x , -X2) . 

From this embedding it follows that the X2-curve$ are closed curves and, according to (1.1) 
they are time-like curves (<I;Í'>0). Thus, the Gódel-Synge spaces are covering spaces of a non 
causal space. 
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Using cquations (3.1) of the next section, it follows that these Xj-curves are geodèsics only 
if g' = 0, a casc of little interest. On isometric embeddings of relativisitic Riemann spaccs in 
pseudoeuclidean spaces, see J. Rosen [7]. 

§ 3. Equatíons of geodèsics. The equations of the geodèsic curves of the Gòdcl-Synge 
space defíned by the Hnc element (1.1) are 

(3.1) 

Aúi+hh'UiU^ + ihg' — gh')u2U4 = 0, 

àúi + (hh' — g')u2U4 — h'uiU^=0, 

"3 = 0 , 

(¿4 + A'w, Mj + i8'«2": = 0 

with the relation 

(3.2) u{ + 2hUiU2 + gui-ui-ui=\ , 

where 

(3.3) á^h^-g, u,=dxjds, h' = dhldx^, g'=dg¡dx^. 

From (3.1) it follows that the Xi-curves, Xj-curves and ^«-curves are geodèsics. If X4 = const. 
and /I, g are assumed not constants, the geodèsics are x, =a,í-t-¿i, X2 = const., X3 = ajj+¿>3, X4 = 
const. 

Assume that X4 is not constant, and therefore U4#0. From (3.1) we have 

(3.4) M4M4 + jM2M2+(/r/Í'-ig')M|u4=0 

and therefore 

(3.5) MÍ + jM| = fi'=const. 

From the third equation of (3.1) we deduce x3 = Cs + C3 and then, (3.2) and (3.5) give 

(3.6) («,+Att2)' = H-tf + C' = iZ)^. 

where we have introduced the constant D in order to follow the notation of Chandrasekhar-
Wríght in [3]. 

From (3.6) and (3.5) we have 

(3.7) M , = D / V T - A M J = Z) /VT-A{(5 ' -MÍ) /Z1}"' 

and from (3.5) and the last equation of (3.1) we deduce 

(3.8) M4+/.'(/)/V~2){(iP-M^4)/d}"^ + (Í9'-A/i'KB'-«*4)/4=0. 

With the change of variable 

(3.9) «4 = 5 sine, 

we get 

(3.10) 6={(hh'-g'll)IA}Bco% O-h'DI^JI. 

This equation suggests the study of the particular case 

(3.11) Ig^h" 
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for which (3.10) reduces to 

(3.12) dO^^^^llzRñ 
BsinO h ' 

and therefore 

(313) D-B cos e = K¡h, 

where K is a new integration constant. From (3.9) it follows that 

Í"[B' 
Jo 

(3.14) u^ = lB'-{D-K/hfV'K I [B^-{D-K/h)'r"dx^ = s-So 
Jo 

from which we deduce the function x^ = x^^s). 
From (3.7), (3.11) and (3.13) we deduce 

(3.15) u^=(\l^i:)(2Klh-D) 

and using (3.14) we have 

(3.16) x,=(l/y"2) {2K/h-D)(B'-{D-K/hy)-"dx^. 
Jo 

Using (3.5) and since A=h^-g = h^/2, we have 

(3.17) Ui = ^Y(D-Klh)/h 

and therefore 

,— f " (D-K/h) 

Finally, from the third cquation of (3.1) and (3.14) we have 

-'•'í'iB-J-Km--
Equations (3.16), (3.18), (3.19) and (3.14) are the explícit equations of the geoedesics of 

the Gòdel-Synge space (1.1) in the case lg = h^. Notice that the nuil geodèsics correspond to the 
case in which the constants B, C, D are related by the condition 

(3.20) Z)^-2^-2C^ = 0 

with the relation D^>B^ which is a consequence of (3.6). 
For the particular casc of Gòdcrs universe (/i = exp x^) thcsc nuil geodèsics have becn 

considered by Abdel Megied and M. Dautcourt [1]. 

§4. The geodèsics of Gòdd's universe. We want to show that when A^exp x^ (GòdePs 
casc) the preceding formulae coincide with those given by Chandrasekhar and Wríght in [3]. 

Putting 

(4.1) y=\/h=exp{-x^), dx^=-dyly 

and assuming that x^=0 corresponds to 5=0, from (3.14) we have 
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Since B^-Z)^<Oancl -4X^fl^<0 we have 

(4.3) s=+(D^-B^)""^ 
DKy+B^-D' DK + B'-D^ 

— arc sin 1- arc sin KBy KB 

Introducing the parameter a defíned by 

(4.4) s-iD'-B'y"^ arc sin {(DK+6^-D^)IKB}=(iy-B^r"\2a + 7il2). 

we get 

(4.5) cos 2a =-{DKy + B'-1)^)1 KBy, 

and thcreforc 

D^-B^ D-B 1+tan^ff 
(4.6) >• = = , 

K{D + B cos 2a) K l+ottan^ff 
whcre 

(4.7) oí = (D-B)l(D + B). 

Applying (4.1) wc havc 

1 + a tan^ a , , , , 
(4.8) X4 = l 0 g - ; r— , S = 2 ( T / ( D ^ - B ^ ) ' ^ 

1+lan^ a 
whcre wc havc normalizcd by thc condition that to CT = 0 corrcsponds x^ = 0 (which imphcs that 
K=D-B). 

From (3.16) and (4.1) wc deduce 

- jl.Kdy D 

{-K^y^ + 2DKy + B^-oy^ ~^f2 

and thcreforc 

C»-'» àx,=j-,,^-^^iL^-^-^—~—^ds, 

(4.10) x , = - ( D / V 2 ) i + V 2 a r c s i n { ( D - Í : > ' ) / B } - V 2 arc sin {(Z)-Ar)/B} 

and assuming that for ( T = 0 we havc x, = 0 , we get 

(4.11) x, = -{VTZ)/(Z)^-fi')"^}<T + / 2 " a r c tan { ( 1 - a tan^ff)/(2V"a" tan a ) } - n / V T , 

which can be wríttcn 

(4.12) x , = -{VT£)/ (Z)^- i ï*)"^}(T-2VT arc tan ( ^ T tan a). 

In ordcr to calcúlate x , we havc 

(4.13) dXi=-^'2 (D-Ky)(B'-(D-Ky)')-"^dy, 

and thcreforc 

(4.14) x j = - (VT/ íOí f i ' - í í ) -^> ' ) ' )"*+cons tant , 

or, by (3.14) X2= -(.^T/Ar)M4+const. and using (4.8) wc get 
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(4.15) xj= -{yJ'JlK){(<x-\) tan a/O +<x tan̂  a))(D^-B^y'^+comt. 

Undcr thc assumption that K=D-B, (4.15) can be written 

(4.16) X2=(D^-fl^)-"^27TBtan<T/(H-a tan̂  (T)+const. 

Finally, for Xj, according to (3.19) and (4.4) we have 

(4.17) x¡ = 2C(D^-B^r"^a + const. 

(4.8), (4.12), (4.16) and (4.17) are thc equalions of thc geodèsics in GòdcPs space according to 
Chandrasekhar-Wríght [3]. 

§ 5. GòdePs universe in cylindrkal coordinates. Gòdel ([5], [6]) has given a new ferm of his 
line clement by transforming to a system of cylindrical coordinates r, <!>, t, z defíned by the 
foUowing formulas of transformation; 

exp x4=cosh r + sinh 2r cos <t>, 

,, .. Xi exp Xt = yJ 2 sinh 2r sin <t>, 
</> + (1 /7T)(x, - 2í) = 2 arc tan (exp ( - 2r) tan ((/)/2)), 

x^ = 2z. 

Thc line clement (1.1) becomes 

(5.2) d^ = 4{</f̂  _ ¿;J _ ¿ji + (sinh* r - sinh^ r)d^^ + 2 7 T sinh^ r d^ dt). 

In order to fínd some properties of Gódel's universe we consider its embcdding in thc 10-
dimensional pseudocuclidcan space (2.1), given by the following formulas: 

z,=2í, z2 = 2 / c o s 0 , z3 = 2/sin</>, 
r4 = 2(2VT)"* sinh r cos i(</> + 0 . 

5̂ 3. Zi = 2(2VT)>'í sinh r sin M^ + /) , 
Zt = 2 / , z-i = 2r, Zg = 2 z , 

z, = 2(2VT)"^ sinh r cos i ( 0 - ' ) . 
z,o = 2(2VT)'« sinh r sin \^>~(), 

whcrc/^ = sinh* r-sinh^ r. 
Notice that the ^-curves arc closed curves, which will be time-like if 

(5.4) sinhr>l 

and they will be nuU curves if sinh r= 1. 
Henee, the (p-curves which satisfy the condition (5.4) are closed time-like curves of length 

2n sinh r (sinh'r-1)"^ 
For a ^-curve (r, /, z: constants) be a geodèsic it is nccessary and sufficicnt that (2 sihn' r -

sinh r) cosh r=0. Henee, front the tp-curves, those for which sinh r=l/yj 2 are closed space-
like geodèsics. 

We seek now the geodèsic curves contained in the surfaces rs^const., z^const. Calling x^ •> r, 
X, = /, X3» r, X4 = 0, they satisfy the equation 
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(5.5) {2'2}dl' + 2U,}dt d<t> + U\}dct>'=0, 

which gives 

(5.6) / = (l/VT)(i-sinh^r)0. 

For these geodèsic curves, (5.2) takes the form 

(5.7) <¿^^=(l-icosh'2^)¿<^^ 

and therefore it will be a time-like geodèsic only if 

(5.8) cosh^ 2r < 2 or sinh^ r < QY - 1 )/2 . 

Excepting the case sinh r=\/J 2 , already considered, the geodèsics (5.6) are not closed. If 
sinh r< 1/^ 2 ,1 is an increasing function of <̂  and if sinh r> 1/.̂  2 , fis a decreasing function of 
(t>. Henee, in order that the point corresponding to <t>o + 2n precedes the point corresponding to ̂ o< 
it is necessary that sinh r> 1/̂ / 2 and the geodèsic is space-like. The past cannot be influenced 
by this way. 
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