ON THE MEAN CURVATURES OF A
FLATTENED CONVEX BODY

L. A. SANTALO

Let E" be the n-dimensfonal euclidean space and let L" be a linear sub-
space of E". A convex body K” contalned in L” can be considered as a
flatiened convex body of E". As a convex body of L7, K" possesses the
mean curvatures

Mg0<qg<r—1)

defined by (1). As a flattened convex body of E", K™ possesses the mean
curvatures

Mg(0<g9<n—1)
defined as the limit of the mean curvatures Mg (¢) of the convex body
K'(8) parallel exterlor to XK' at the distance £, as 6>0.

The purpose of the present note 18 to prove the formulae (18), (14), (15)
which relate the mean curvatures M",' and M:;. As a consequence, we

complete an iIntegral-geometric result of Hzrororz and Perkantscuin [for-
mula (16)].

1. Let K" be a convex body contained in a linear subspace L" of £". The
boundary 8K" is an (r — 1)-dimensional variety of L" which is assumed to be
twice differentiable.

It ¢ (i=1,2,..,r—1) denote the principal radii of curvature of 3K" at a
point P’, the ¢-th mean curvature of K" (as a convex body of L") is defined by
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where the brackets {} denote the g-th elementary symmetric function formed by
the principal curvatures 1/¢; and do,_, is the element of area of oK™ at P’.

As particular cases we have:

M{ =o0,_, = area of K",

M7;_,=0,_, = area of the (r — 1)-dimensional unit sphere, i. e.
2t/
@ o= =rem
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For instance, if r =12, K* is a plane convex figure and we have:
M? = o, =length of the boundary of K*; M3=2x. For r=8, it K®is a convex

body in ordinary space, we have: M3} =0, =surface area of 3K*; M}=— integra-

ted mean curvature of 3K*; M}=4x. For r=1, M} is meaningless; however
in this case we have:

M;_|=Or—|=09=2

and consequently we will allways take M} =2.

We now consider K™ as a flattened convex body of E". In order to define
its mean curvatures

M: (g=1,2,....n—1)

we consider first the mean curvatures of the convex body K'(s) parallel to K" at
a distance # (i. e. the set of points of E" whose distance to K" is < #) and then
pass to the limit as ¢ > 0.

The boundary oKT7(s) is a twice differentiable hypersurface of E" with a
well defined normal at each point P; let P’ be the intersection point of K” (con-
sidered as a convex body of L") we will say that P belongs to the region (A) of
aK"(s); if P’ is a point of dK" we will say that P belongs to the region (8) of
aKT (2).

At the points of the region (A4), the element of area of 3K"(s) is equal to
=T~ d40,_,_ydo, where dO,—,-, = area element of the unit (n — » — 1)-dimen-
slonal sphere and do, = volume element of K”. At the points of the region (B),
the element of area of aK" (¢) is equal to £*"~"dO,_,do,_, where do,_; = element
of area of 6K7. Consequently, the ¢-th mean curvature of K"(s) is given by

o o= by ([ o
( q ) K" ‘ ’
L Y rr a0 do]
akr v

where the principal radii of curvature R, = Rp(¢) have the following values:
a) For the points of the region (A4) it is clear that

Ry=c¢ for Ah=1,2,8,....n—r—1
4)

Rh=~ for Ah=n—r,n—r+1,...,n—1.

5) In order to find the values of Rj= Rj(s) at the points of the region
(B), let us consider at each point x of 4K" a frame of n orthogonal unit vectors
e, €, ..., ©, such that e;, e, ..., 4, be constant (independent of x) and
orthogonal to L"; e€,~,+4, ..., €,y be the principal tangents to 3K" (as a va-
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riety of L") at the point x, and e, be the normal to 8K" contained in L". The
vector equation of aK"(s) will be

(b) X=x—¢N

where
n—rv

6) N=c050e,.+2cosn9,.e;..
h=y

For each fixed x, X will describe a (n — r)-sphere and consequently we have

) Rp=¢ for h=1,2,8,...,n—r.
For h=n—r+1,...,n—1, by the equations of OLINDE RoDRIGUES we
have
1
(8) dN-e;.:—EdS;.

where d Si denotes the arc element on 8K"(¢) the tangent vector of this arc being
parallel to ej, i.e.

(¢)] dSh=dX - -ey=ds, —¢dN- e

where dsj is the arc element on AK” tangent to e;.

From (8), taking into account that the vectors e, for h=1,2,...,n—r,
are constant, we have

(10) dN-eh=c050de,.-e;.=—--—-- dsp (h=n--r+41,...,n—1)

where ¢y, @y, ..., ¢r-1 are the principal radii of curvature of 3K”. From (8), (9)
and (10) we have

Ch—
(11) Rh=—ﬁ'—+s for h=n—r+1,...,n—1.

With the values (4) and (7), (11) we can calculate Mg (2) and pass to the li-
mit as £ ->0.

There are three possible cases :

(1) ¢>n—r. The first integral in (8) vanishes as # >0 and the second
integral reduces to

1 1
(12) My= =i~ f { A }cos" LENE ¥ o W LI
( q ) oq—n"-r

_ (5

"7")

)Mq ,,.,.,/cosq""*" 0dO,—, .
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The area element of the (n — r)-dimensional unit sphere may be written
dO,—, =sin" "1 dgin"~ T, ... 8in Py pydPdd ... d0p_r_y

and the integral in (12) must be extended over the half sphere whose pole is the
end point of the normal to 3K" (contained in L"), The limits of integration are then

0Ld= =, 0Z0<a(i=1,2, 0., n—r—2), 0Ly, <20

. *

and we have

n/2
( r—1 )
(18) My="9 "t g Onpy | cos="47 0 sin"=r =10 do
n—
("g") .
0
r—1 )
=sg—ntr/ _ Oq
(n—-l) Oq—n+r q—n+r.,
q

(2) gq=n—r—1. The second integral in (3) vanishes as ¢« » 0 and the first
tends to O,—,—, 0, . Consequently

(14) M=- 1 0, ek

q n—1
("s ")
where o¢,(K7) denotes the volume of K'.

(3) g< n—r—1. Both integrals in (3) vanish as ¢-> 0, and consequently

(15) [I: =0.

2. Examples. For the ordinary space, n=3, we have the following pos-
sibilities :

a) r=1. K" reduces to a segment of length s. The mean curvatures are

-

M3=0, M:::t:, M:=2:1M;=4n.

v

) r=2. KT is a plane convex figure; let s be its perimeter and o its area.
We have

M=2, M=2M="10% M=2M =iz,
0 1 2 0 2 2 1
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3. An integral-geometric application. The mean curvatures M;' are related

with certain invariants /] of K™ which appear in integral geometry. H:
(9=0,1, ..., n—1) denotes the measure of the set of ¢-dimensional linear spa-
ces of E® which have a common point with K". Analogously, if K" is contained
in L7, then Hy (¢=0,1,2,...,r—1) denotes the measure of the set of g-di-
mensional linear spaces of L” which intersect K'. The invariants M7 and Hj
are related by (see [*], p. 183).

Opn—s On—y ... Op—q-1 n

= LgLn—
Hq 2(n—q) Oq—-loq—-, Ao N | (l=qg<n 1)
and
r__ Or—l O,--, o O,_q__, r

= Zp—1)
9 2(r—q) Oq—loq—l ... 09t =q=r—1)

Consequently, in terms of H,',', H; the formulae (138), (14) and (15) may be
written

(16) H; = €rnq H;+,_"

where c.,, are the following constants:

crgn= """ q)- On—y ... Op-s _Oq-1__ , for g>n—r+1
(n=1) Ogr-r Oprrma O nir1
g—1
Crqn = On°-l O__'II’ eoe On—q—1 Oq—l for —n—r
2(n— q) <:__1> Oq‘-l Oq-| cee 0|
ern=0 for g<n—r.

The formula (168) has been given by HErcLOTZ and PETKANTSCHIN (see ['], p.
292) ; however they do not give the explicit values of the constants cr¢n.

Examples .
cag =200 227 _ =20 _ =,
mT Y s " wmT 0T 2
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O0ZET

E", n boyutlu 8klidyen uzay ve L" de bunun lineer bir alt-uzay: olsun.
L" nin thtiva ettigl K" gibl bir konveks clslm, E" uzayinda, gass: bir
konveks cisim gibi digtnalebilir. X" ctsmi, L™ iginde tetkik edllecek o-
lursa, (1) formaln ile tarif edilen

M:.' 0=<Lg<r—1)
ortalama efriliklerin); E” nin yasm bir konveks clemi glbi telakki olu-
nursa, M:,' 0<qg<=n-—1)
ortalama egriliklerini haizdir. Bu ortalama efrilikler, K" clsmine, ¢ uzak-
Nhginda gisllen X7(5) dig paralel konveks cisminia M:(C) ortalama egri-
liklerinln, € u sifira yaklagtirmak suretiyle bulunan, limitleri olarak ta-
rif edilirler.
Bu makalenin gayesi, bahis konusu M; ve M: ortalama egriliklerl ara-

sindakl bagintiya ifade eden (18), (14), (15) formallerinl 1spat etmektir.
Bunlarin neticesl olarak da Hxmarotz ve PrrxantscHiN in bir formala ta-
mamlanmaktadir —formal (16).



