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ABSTRACT 

We compute the mean valúes of the área <ii2.,.Tní the perimeter /ii2...mí tl·ie number 

of ajcs Wi2.,.m 8ind the number of vértices Ui2...m of •a· typical polygon of the superposition 

of m independent random mosaics. Some particular cases axe considered. For definitions 

and basic formulas see Cowan (1980) and Santaló (1984). 

SUPERPOSITION O F RANDOM MOSAICS 

Cowan (1980) defines as chaxacteristics of a random mosaic M , the mean valúes 

of the área a, the perimeter h, the number of ares w and the number of vértices D of a 

"typical polygon" of M (suitably defined). 

In Santaló (1984) we computed the characteristics of the random mosaic obtained 

by homogeneous random superposition of two independent random mosaics Mi of char­

acteristics Oi, hi, Wi, Vi {i = 1,2). The result was 

«12 = 
2TTaia2 

w 

2ir{ai + 02) + hih2 

2TT{wia2 + u)20·i) + 4/11/12 

27r(ai + 0 2 ) + /íi/i2 

_ 25r(uia2 + 1^201) + 4hih2 

27r(ai + 02) + hih2 

2^(01/12 + a.2hi) 

2n{ai + 02) + hih2 

(1) 

If we superposa m independent random mosaics M,- (¿ = 1 ,2 , . . . , m) of character­

istics a;, hi, Wi, Vi (always assuming that the superposition is random homogeneous), 

we get the foUowing result: 

T h e o r e m 1. The characteristics of the random mosaic obtained by superposition of 



(2) 
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m independent random mosaScs Mi, are the following: 

ai...m = A~^27rai . . . a^ 

hi...m= A~'^2n{hi\a2...a,„} 

Wl...m = A~^{2x{wi I 02...Gm] + 4 { / l i / l 2 | üs . . . 0^}) 

vi...m = A~^ (27r{ui I 02 . . . a^} + 4{/ii/i2 | 03 . . . 0^}) 

where 

A = 27r{ai.. .am_i} + {/ii/i2 | a 3 . . . a „ } 

and { } indicates "symmetríc functions", i.e. 

{hi I 02 . . . flm} = hia2 . . . üm + aih2 • . . am + • • • + ai . . . Qm-lhm 

{hih2 I «3 •• -«m} = hih2az . . . a^ + /iia2/i3 •.. a^ H h Oi . . . 

Wi •. .am-i] = aia2 • • .«m-i + oj .. .am_2am H + a 2 a 3 •••am • 

Proof. By induction. For m = 2 the formuléis (2) hold, since they coincide with 

(1). Assuming that they hold for m mosedcs M¿ applying (1) to the pair of mosaics 

Ml U M2 U • • • U Mm and Mm+i, a straightforweird computation verifies that (2) holds 

for m + 1 mosaics. 

CASE OF MOSAICS WITH THE SAME CHARACTERISTICS 

If the random mosaics have the same chaxacteristics a, h, w, v the formulas (2) 

take the form 

where 

Om = 4(mA)~Va'^ , hm — 4A"'Va/i 

Wm = 4A~·' {i^aw + (m - l)/i^) 

Vm = 4A~·' (TTOU + (m- l)h^) , 

A = 47ra + (m - l)/i^ . 

(3) 

Consequences . 1. li v = 4, we have i;„ = 4 for any m. 

2. For m -^ 00 we always have v^ —> 4. 

Examples. 1. For Poisson random mosaics (Miles, 1970; Santaló, 1976, p.57) we have 

a ~ Í/TTX^, h = 4/A, «; = w = 4 and (3) gives Om, hm, Wm, Vm- For instance, we have 

Wm = Um = 4 for any m. 

2. For random mosaics of Voronoi type of the same characteristics, we have (Miles, 

1970; Sajítaló, 1976, p.57), a = 1/A, h = A/X^l"^, w —v = & and we have 

8(m - 1) 
Wr, 6 -

•K + 4(m — 1) 
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which is a decresising function of m, from 6 to 4. 

3. For random mosaics of Delaunay type, see Miles (1970), we have a = 1/2A, h = 

32/9TTy/X, tü = u = 3 £md we get 

32^(m - 1) 
w^-v^-3+ g 2 2 ( ^ _ 1) + i627r3 " 

4. Consider the regular mosaics of equilateral triangles {w = v = 3), squares (w = v = 

4), regular hexàgons (w = v = 6),oi any aiHne transforms of them. By uniform random 

superposition of m such mosaics we get, respectively (according to (3)), 

•Wm = Vm (triangles) = 4 - — -—— 
ina + (m — í)h^ 

Wm = Vm (parallelograms) = 4 

87ra 
Wm = Vm (hexàgons) = 4 + 

47ra + ( m - l)h'^ ' 

i.e. the mean number of vértices (equal to the mean number of sides) of a typical 

polygon is less than 4 for the superposition of tr iangular mosaics, equal t o 4 for the 

superposition of mosaics of parallelograjus and greater than 4 for the superposition of 

mosaics of hexàgons. This gives a criterion for recognising if a given rEindom mosaic 

is the result of superposition of mosaics of triangles, peirallelograms or hexàgons. Of 

course, the condition of ly or u being less, equeJ or greater than 4 is only a necessary 

condition, not suíRcient. 

MOSAICS O F RECTANGLES 

Formulas (1) apply to the mosaics obtained by random superposition of m non 

random mosaics (tessellations, i.e. axrangements of congruent polygons fitting together 

so as to cover the whole plana without overlapping). Then a,-, hf, Wi, Vi are the axea, 

the perimeter, the number of sides and the number of vértices of a polygon of the 

mosaic. The mosaics can be assumed moving in the pleine without deformation with 

the kinematic density of integral geometry (SanteJó, 1976). 

Consider, for instance, the case of m mosaics M¿ of congruent rectangles of sides 

Si, A, (i = 1 , 2 , . . . , m ) (formed by Unes paxallel to the a:-axis at distance Si apart and 

the lattice of orthogonal paxallel lines at distance Ai apar t ) . Then we have 

ai = Si^i ; hi = 2(¿,- + A¡) , Wi = Vi = 4 

and for the mosaic obtained by random superposition of them we get 

«12...m (rectangles) = nA~^6i ... ¿mAi . . . Am 

hi2...m (rectangles) = 27rA""^{(¿j + Ai)¿2A2 . . . ¿mAm} (4) 

Wi2...m = •"12...m (rectangles) = 4 , 
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A (rectangles) = n{SiXi... 6m_i A ^ - i } 2{(¿i + Xi){62 + A2)(53A3 . . .¿mAm} 

For congruent mosaics of rectangles of sides 6i = S, \i — \ we have 

ai...m (congruent rectangles) 

hi...m (congruent rectanges) = 

7¿2A2 

TrmSX + m{m - 1)(<S + A)^ 

27r(<5 + A)¿A 

wi.. 

7r<5A + (m - 1)((5 + A)2 

^i...m (congruent rectangles) = 4 . 

For mosaics of squares of side 8 we have X = 6 and thus 

7r¿2 
ii.-.m (squares) = 

hi...m (squares) = 

Wl 

irm + 4m(m — 1) 

4irS 

TT + 4(m — 1) 

= vi,„m (squares) = 4 . 

If Ai,A2 Xm —> oo the mosaics of rectangles tend to lattices of parallel lines at 

dist anees ^ i , ^2i • • • i ^rn apart . Tlien, from (4) we deduce the following. 

T h e o r e m 2. Ifm lattices of parallel lines at distances ¿ i , ¿2i • • • ,<5m aparí are super-

posed independently at random, the resulting randotn mosaic has the following charac-

teristics 
«i...m (paraJJeJ lines) = 7TA.~^6I . . . ¿m 

hi...m (paraJieJ lines) = 27rA~^{¿2 • • • ¿m} 

'^'i.·.m — vi,,m (parallel lines) = 4 , 

whe 

A = 2{6iS2...6m} 

If the parallel lines are the same distance apart for all lattices, we have ¿j = ¿2 = 

• • • = Sm = <5 and so 

o-i.-.m (equidistant parallel lines) 

f^i...m (equidistant parallel lines) 

W l . , . m = Wl.. 

m{m — 1) 

2n6 

m — 1 

equidistant parallel lines) = 4 
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