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1 • Introduction. 

This paper will be ooncerned with gome kind of total absoluto curva-
tures of compact manífolds X" of dimensión n (without boundary) 
immersed in euclidean space E"-^ of dimensión n-}- N ( JV> 1). Clàs
sica] Differential Geometry handled almost exclusively with «local» 
curvatures for such manifolds X" (assumed sufflciently smooth) and 
mainly dealed with the case ^ = 1 . The Gauss-Bonnet theorem, ex
tended by AUendoerfer-Wcil-Ohern to the case n > 2 fl], [7], has 
been for years the most important, and almost the unique, result 
of a «fílobal» character. In the dassical theory of convex manifolds 
(boundaries of convex sets) in euclidean space, play an important role 
the Minkowski's «Quermassintegrale» which may be defined glo-
bally without any assumption of differentiability and also, for suf-
ficiently smooth convex manifolds, as integrals of the symmetric func-
tioiis of the principal curvatures. This classical case shows that , in 
order to define total curvatures of a given X" (not necessarily convex) 
immersed in E"-^, one can either give directly a global deflnition and 
then try to express it as the integral of certain local curvatures, or 
give flrst a local deflnition (curvature at a point xeX") and then 
computing the total curvature by integrating this local curvature 
over X". The last method makes necessary some assumptions of 
smoothnesg for X". A noteworthy example of such curvatures are 
those introduced by H. Weyl in a classical paper on the volume of 
tubes 128]. These Weyl's curvatures has been used by Chern to get 
a general kinematic formula in integral geometry for compact sub-
manifolds of E"^' [10]. Por more general subsets of E"*" an analogous 
formula was given by H. Pederer fl4] whose «curvature measures » 
are an extensión of the Weyl's curvatures. 

(•) I risultati conseguiti in questo lavoro sono stati osposti nolla conferenza 
tenuta il 22 maggio 1973. 
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In 3957-58 two paporK of Chern-Lashof [11], fl2] call thc attention 
about «absolute » total curvatures, i.e. total curvatures obtained by 
integrating on X" the absolute vàlues of certain local curvatures. These 
papers were followed by a series of papers of several authors, mainly 
N. H. Kuiper, who related this branch of differential geometry with 
Morse tlieory of critical points of real valued functions deftned over 
X" [37], [18]. A survey and new results about this fleld is to be found 
in tlie lecture notes of D. Ferus [16]. See also T. J . Willmore [29]. 

In the mark of these studies we have introduced in [24], |25J, 
some total curvatures (absolute) for compact manifolds X' immersed 
in £"+*. The niain purpose of the present paper is to give a local 
definition of these curvatures, so that they will appear as the integral 
over X" of the absolute value of certain differential forms defined in 
each point xeX". These deñnitions allow to compare the new cur
vatures with other curvatures previously introduced in the literature. 
We will then consider some examples, for instance the case of surfaces 
X* immersed in E* which presents some remarkable peculiarities. 

NoTK: We will consider throughout that X" is a compact, C°°-
differentiable manifold of dimensión n, without boundary, immersed 
in some euchdean space. In the non-smooth case, a great dea] of dif-
ficulties arise. For some qüestions about total curvature of (7>-mani£old8, 
see W. D. Pepe [20]. 

By E'„ r<8, we will indicate a r-plane (linear space of dimensión r) 
in the «-dimensional euclidean space E'. If the euclidean space E' 
in which E' is immersed is apparent form the context, we will write 
simply E' instead of £[. 

2. Preliminaries. 

We will recali the fundamental equations of the differential geo
metry of a X" immersed in J5"+' and certain know integral-geometric 
formulae about such manifolds. We use the method of moving frames 
of Cartan-Chern. See for instance Chern [9] or Willmore [29]. 

Let («; e , ,« , , . . . , e,+j,) be a local fleld of orthonormal frames, such 
that , restricted to X", the vectors e,, e , , . . . , e, are tangent to X" and 
the remaining vectors e,+i,. . . , c,+, are normal to X". The orientation 
of the unit vectors e,, « , , . . . , e,+, is assumed coherent with that of 15"+*. 
In this section we agree on the following ranges of indicis 

l<i,j,k,h,...<n, n < a , / ? , y , . . . < n + j y r , 1<A, B, C, ...<n+N 

and the summation convention will be used throughout. 
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The fuiídiimental equations for thc moviiifí fnimes in K"+' ¡ire 

(2.1) dx = w^e^, de^= MAB^B 

wlicre, bocauso fjift~ ^AB' 

(2.2) M^-\-i^BA=^ '>"•! ">A "= pA-d-r , w^g^ e,• de^ . 

The exterior derivatives satisfy the equations of structure: 

(2.3) d(0^ -•=-= MgfyMg^ , doj^ü^ (»ABf\">CB • 

The assuniption that e, , . . . ,e„ are tangent to X" gives 

(2.1) w . = 0 

and the condition that X" has dimensión n insures that the forms oi^ 
are linearly independent. Prom (2.3) and (2.4) we deduce ÍO(AW(«= O 
and therefore, according to the so calleci lemma of Cartan, we liave 

(2-5) tü,„= ^,_,yW/, A^j¡—A^j, 

where A^i, are the coefflcients of the second fundamental form in the 
normal direction e,. Notice that we have represented by a>^,tu^j 
the forms in (2.3) corresponding to the space of all frames in £"+ ' 
as well as the corresponding forms in the bundle of frames such that ê  
are tangent vectors and c, are normal vectors to X" at x. We think 
that this simpliñcation in the notatíon wíU not cause confusión. 

Prom (2.3), (2.4) and (2.5) we have 

(2.6) d<o„ = Oí,» AWAÍ + JOÍ/ 

where 

(2.7) Qti ~ o),,Aco„i = — A,_isA„jtü)sA(tík = ii2(y*»í"*Aw» 

with 

We have also 

(2.9) doy^p = to„y Awy/j + Í2.^ 

where 

(2.10) Íia0= (Oai/\(tíiff— —A,_i,A0_ix(O,/\(J}^= lR<,fiM<Onf\(J}l 
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With 

( - •11) RcftKÍ '= ^«..)>^^..J — '4«,„A^.,» . 

Noto (he rolatioiïs 

(L'.J2) i¿(/t» +-K,»»,+-Kí»<t= 0 

Thii l'xpressioii 

{2.13) (Áaii(i>íM,)e„ 

is called the second fundamental forní of A'"c£"+ ' , and 

(2.U) - M „ , ) f , , 
» 

ÍK called the mean curvature vector. A'" is said to be minimal if 
A^ii= 0 for all a. 

Riik^ are essentially the components of the Riemann-Christoffel 
tensor. However, they are not these components. For instance, the 
Riemannian curvature for the oríentation determined by the vectors 
ÍSí j ' t akes now the form -íf(a;; f , í?0 = í(ií.,t»í''?'s"'?*)/(¿.»'5M-'5.»'^>.)-
•í'íj'í*»?'']. For « = 2, the Gaussian curvature is given by 

(2.16) A'(x) = / Í „ „ 

instead of the classical K = Ritulg when i2,„j is the component of 
the Riemann-Christoffel tensor. 

.'{. Densities for linear subspaces and some integral formulae. 

We will State some known formulae which will be used in the sequel. 
Let E^+„ denote a fc-dimensional linear subspace in E"-*': we will 

call it, simply, a A-plane. Let E^+s{0) denote a A-plane in E'*" 
through a flxed point 0. The set of all oriented £¡¡+^,(0), with a sui-
table topology, constitute the Grassman manifold C^.n+j,-». We shall 
represent by dE^^.g(0) the element of volume in 0».,+,-», which is 
called the density for oriented A-planes in £"+" through 0. The ex-
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prcssioii of dEl^y{0) i» wt'll known, but we rpcall it briofly for com-
plotciu'ss (seo \'2-2], 123], |10]). 

IJOI (O; e,, ..., f2) •••( fn+j») <̂* " " orthonornial frame of origin O. 
In Ihe si)ac't> of all orthonormal fiamos of origin O wo dofine tlio dif-
fcrcntial fornís 

(3.1) w„„ ^ — o>,„t •^- e,„d('i = — 6',rfr,„ , (í, m -- ],2, ...,n+ N) . 

Assuniiiifí -Ki-tjv(O) s])ann('(l by tlu> unit vectors r , , . . . , e» , thon 

(3.2) rf<+^(0) =/lt,i„„ 

wluMO tlie right-hand side is the exterior product of the forrns w„„ 
over the ranges of indiees 

(3.3) t = .1,2, . . . , A, m^^h+ l,h+'2, ...,n+ N . 

The ( n + i V —/i)-plane A™ÍÍ "(O) orthogonal to E^„+y{0) is span-
ned by the unit vectors e»+,, ...,e„+y and aecording to (3.2) we liave 
the «duality» (iip to the sign) 

(3.1) rfi3i+,(0) = d i ; : t r ' ( 0 ) • 

Notice that the differential forrns dE'^+yiO) and dE^Xy'''(0) are of 
defiree h(v -\- N — h), which is equal to the dimensión of the gras-
smannian (h.n-^s-n, as it should be. 

The density for sets of fc-planes JK*, not through O, in E"*" is given by 

(3.r>) dE" =- dEUAO)Aco,+,^M,u^ ••• r\<o„+„ 

where w»+,A..-Aí'Jn+A= (eh+idx)/\(e^+tdx)/\.../\{e„+„dx) is equal to the 
element of volume in A™+jJ"*(0) {= {n+ N — A)-plane spanned by the 
vectors e»+i,..., e„+, orthogonal to E") at the intersection point 
E" n £'+"-''{0). 

The measure of the set of all the oriented E^+s(0) ( = volume of 
the Grassman manifold G».,+*-») may be computed directly from (3.2) 
or applying the result that it is the quotient space 80(n + N)lfiO(h) x 
xSO{n+ Â  —fc)(Chern [10]). The result is 

(3.6) f dEUAO) = g»+^-iQ"+ir-« -,Q_n±j[r* == ^*^AtL:-- ^"+^7J , 

0«, i i + W-ll 
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where ©< is the arca of thc /-dimensional unil sphcre, i.f. 

2;t(' + !)/» 

< ' • ' ' ^• = 7'((/ + l ) /2 ) · 

Notice the relation 

(3.8) 0 , 0 . _ , - ( i - . l ) 0 . . 

For the case fc— 1, the density of oiiented lines throngh 0 (as-
suming that £i+j,{0) is the line spanned by r,) writes 

(3.9) dEÍ+y(0) = W , J A W , 3 A . . . A W I , + , = (Pírf<·,)A(f5d'·.)A...A(c„-t,rf<',) , 

which is equal to the element of volume of the (n + A'̂  —1) dimen
sional unit sphere at the end point of p,. By the duality (3.4) this 
density (3.9) is equal to the density dís¡+^"'(0) of hyperplanes t lirou^h 0 
(in this case (3.9) corresponds to the hyperplane spanned by 
" i , í í j , . . . , < " , + , ) . 

Later on we shall need the foUowinfr formula. Let E"^{0)c 
c A'"+J'+í(0). Given a line í/i+,+,(0), let E'^^O) be the (p4-J)-plane 
which contains El+g+,(0) and is perpendicular to E''+'(0) and let 
d£^ , (0 ) be the density of í;i+,+,(0) as a line of E'+'iO). If í;i+,+,(0) 
denotes the projection of the line í'Í+j,+,(0) on £"+^(0) and 6 denotes 
the anfíle between -BÍ+,+,(0) and its projection E\^.g(0), an easy 
caU'ulation shows that 

(3.9) d ^ U ^ O ) = sin-<' ' -ed£i^,(0)Ad£Í+.(0) . 

For instance, if p = l , we have dEl(O) = dO and (3.9) writes 

(3.10) dEUg+i(0) = 8Ín"+*-'0dí;i+,(O)A<iO . 

Projection formulae. The differential geometry of hypersurfaces 
A'»cí?"+' is well known. Calling Jï,, E, , ..., Rn the principal radii of 
curvature of Z " at the point x and putting dan(x) = àrea element 
of X" at X (given by da^{x) = co,A(OiA---Aco„ according to the no-
tation (2.1)), the total r-th mean curvature of X" is deflned by 

(3.11) M, 

where {} denotes the r-th elementary symmetric function of the prin-
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cipal curvaturi'K IjR, (i — 1,'2, ..., n). For r = O, we have ^ 9 = área 
of X". For r = n, if X" is thií boun<lary 3D"+' of a domain D"* '̂ of 
A'"+', it is kiiown that 

(3.12) itf„(Z")=0„;í(i>"+') 

wliere ^ «Icnott'K the Buler-Poincare characteristic. If n is even, we 
have x{X") = ;f(SD"+') = 2x(i>"+') and (3.12) writes 

(3.13) Jtf,(Z-)= JO,;f(Jí:"), n e v e n . 

If A'" is a topological sphere, we liave x(X'') = l + (—!)"• 
For closed convex hypersurfaces X* (boundaries of convex bo-

dies of £"+') we must recali the following «projection formulae » 
(see [23] and Hadwiger [15]): let Xl~' be the boundary of the ortho-
gonal projection of X", into E^+'''(0) and let Hn-r(X'¡r') denote the 
measure of ZJ"' (with respect to the euclidean mètric in ^íí"*). 
Then we have 

(3.14) J /.._,(2:r)d^Í-'«» = 
« . • i 

0 „ _ i O „ _ t . . . On-r -^ I -yn^ On_i O»-» . • • O , j - _ « 

^ ^~~6— o '^ '^ ^ o o '̂  •* • 
t / , _ l f ,_5 . . . V i t / , _ , _ i . . . Wi 

For r - n we have fi^X',) = 2 and (3.14) coincides with (3.12). 
Por r= 1, (3.14) gives the total flrst mean curvature Mi as the mean 
valué of the mensure of the boundaries of the orthogonal projectiona 
of X^ on all hyperplanes. For instance, for n = 2, the total mean 
curvature of a convex closed surface Zj in E' is given by 

(3-15) M,(Xl) = ^judO,, 

o, 

where dO^^ dE\(0) denotes the element of surface área on the unit 
sphere and u denotes the length of the boundary of the projection of 
X* into a plañe perpendicular to the direction deflned by dO,. 

For non-convex h3rper8urface8, the formulae (3.14) need to be 
modifled: in the right-hand side appear the total «absoluto» mean 
curvatures which we will consider ¡n a next section. 

Intersection formulae. Let Z" be a closed hypersurface of í/"^', 
not necessarily convex (recali that we always assume that Z" is of 
class C°°). Let 1^+j be a moving r-plane in E'-*^ and consider the 

2i 
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manifold Z ' - ' = Jï" n £;+,. Call M';^(X'-^) the total i-th mean cur-
vature of X^~^ as a manifold of dimensión r—1 in E'. Thpn tlu' fol-
lowing formula holds (see [22], [23]) 

(3.16) f Jtfr(Z" n E')dE'^ ^ " - ' - ^;;-'^' ^ ^ M,(X-) . 

For i = r — J, assuming that X'~' = X" r\ E' is the boundary of 
a domain D'cE% acoordinfí to (3.12) we have M^;li(X'~')= O.̂ .xí-D'·) 
and (3.16) gives 

(3.17) J x{OndEr= ^"-' •• ^—^' ^•J|^'3f,_.(.y). 
Z ' n í V * 

In particular, if ^ " is a closed convex liyperHurface X'¡ we have 
Xi.D") — ! and (3.17) gives the total measure of all r-planes which 
intersec.t X*, 

(3.18) J dí?'="V;'""^"~'-—^— if,_,(X^) = 0. ...o,:r~or 

= = ( » - r + l ) 0 , _ . . . . 0 . ^ ' - ' < ^ ' > -

If r is odd we have z(^') = (h)x(^') »"*! (3-17) may be written 

(3.19) J Z(A '"n^0dí^ '=^^or . " /o !7 ' ' ' ^ ' 'Ò .~^ ' - ' ^^ ' ' ^ <''"**·̂ )· 
i ' r i í ' ^ 0 

In order to illustrate the foregoing idea» we will give a typical 
application. Let n = 3, r = 3. Then X' is a closed hypersurfaoe in E*; 
assume that it boiuids a domain D*cE*. According to (3.18) and 
(3.19) the mean value olx(X''nE') is EixíX'nE")) =2M^(X'')IM\(X') 
where Ml denotes the 2-th total mean curvature of the convex huU 
of X*. If V* is the volume of the domain bounded by the convex huU, 
it is known that Ml>(327t*V*)^>(327i!'V)i (Hadwiger [15]), where V 
is the volume of D*. Thus we have 

The equality sign holds for euclidean spheres. 
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¿») Aiiotlicr known and uscful integral formula is the following: 

Let X" be a eonipaet manifold in E'^". Lot fir-xi^" n E') denote 
the (r—iV)-dinienHÍonal measure of X" n E' (r'^N) according to the 
euelideaii mètric on E'. For r = N, fi^ denotes the number of points 
of the set A'" n E'. Then we have 

(3.20) J /*,_,(A'" n Er)dE' = "- ' " - '^-^ ' • • • ^••¿"^-'"'-" (r„(Z"), 

where ff,(A") = volume of A". 
This integral formula holds good for any spaee of constant curva-

ture, in particular on the (w + A'^)-dimen8Íonal sphere, with a suitable 
deflnition of dE' (see [22]). 

In all the preceding formulae and in those which will foUow, the 
linear spaces E' are assumed « oriented ». Otherwise the right-hand 
side of (3.16), ..., (3.20) should be divided by a factor 2. 

4. The total absolute curvatures X*j,(A"). 

Let A" be a compact n-dimensional manifold (without boundary) 
of class C" in J5"+*. To each point x e A" we attaeh the frame 
(x; e,, ej, ..., c„+j,) considered in section 2, such that the vectors 
Ci ,e j , . . . , e , are tangent to A" and spann the tangent w-plane T(x). 
The remaining vectors e„+,,..., c,+;̂  are normal to A" and spann the 
normal ^-plane J^(x). 

Assuming 

(4.1) l < r < n + J V - i 

we define the r-th total absolute curvature of A" as follows 
(see [24], [25]): 
c 

a) Case l < r < n . Let O be a flxed point in E"^" and consider 
a ( n + 2V —r)-plane say Í ; » + * - ' ( 0 ) through O. Let T, be the set of all 
r-planes E' in E""^ which are contained in some T{x) (xeX'), pass 
through X, and are perpendicular to i?»+'-'(0). The intersection 
fr n E'+'-^O) is a compact variety in J5"+'-'(0) of dimensión 

(4.2) d^=n-rN, 

Let n„-rg{r, O ¿'"+'-'(0)) denote the measure of this variety as 
subvariety of í ^ + M O ) ; if ó i = 0 , then /i„ means the number of 
intersection points of 1\ and J5;"+'-'(0). 
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We define tbe r-th total absoluto ciirvature of A'" inimersed in 
E"-^, as the mean valué of the measures fi^ m over all í/'"+*~'(0), 
that is, acoording to (3.6), 

(4.3) K'AX") = Q- - ^ " ^ * - - r / , _ , ( / ; n iï"+'-- '(0))d£-+'-'(0). 

0|»*JV-r.f 

The poeffioient on the right-hand side may be replaeed by 

0 , 0 , . . . 0 , _ , 
0,^J^r_, . . . 0„+j,_i 

í») ("ase n<,r<:n+ N — 1. In this case, instead of the set of E' 
which «are contained» in some T{x), we eonsider the set of all 
E' c J5"+' which «contain» some T(x) and are perpendicular to 
E''+'-'(0). As before, we represent this set by / ' , . The dimensión of 
the varicty /V n £"+'"'(0) is now 

(4.4) ó , = n ( r + l —n — y ) 

and the r-th total absolute curvatura of X" is dcñned by the same 
mean valué (4.3) which now writes 

(4.5) KA^') = 

= ^n" ^ ñ ' ' " ' " ' Í / i n < r + . - n - i r ) ( / ; n í ? - + ' - ' ( 0 ) ) d i ; " + * - ' ( 0 ) . 

•nmr-r.r 

The dimensions <i,,¿,, given by (4.2), (4.4) have been calculated 
elsewhere ((24], [25J). From their vàlues, and since r<.n-{- N — i, 
we deduce 

i) The curvatures K'j, are only deflned for 

(4.6) n>rN and r^n+ N — 1 . 

ii) If r<:n and X" is immersed in JB"+'' with N' < N, thcn 
K*j,{X'') = 0. This result follows from the fact that , if X'cE"-^', 
all tangent spaces T{x) are also contained in £?"+*' and thorefore /<,_„ 
in (4.3) is zero except for the spaces JB"'''*~'(0) which are perpendicular 
to £"+*', which form a set of measure zero. 
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¡ii) The most interesting caseg correspond to n — rN and 
r=n-\- N — 1, íor which the measures /i under the integral signs in 
(4.3) and (4.5) are non negative integers and therefore the total ab-
Rolute curvatureH are invariant at least under similitudcR. Wo will 
consider theso cases separately in the foUowing sections. 

iv) Consider the case n=N, r = J . This case has the follow-
ing geometrical interpretation. Let «St'»' denote the unit (2» —J)-
dimensional sphere in i?»" of center 0. Let E''(x, 0) be the n-plane 
through O paral·lel to the tangent space T(x). The intersection 
S'^"-^ n E''(x, 0) is a (n —J)-dimenRional great circle of N^"-'. If we 
assume identified the pairs of antipodal points on /S'"~' we have the 
(2n —J)-dimen8Íonal elliptic space P="-i and the intersections S ' " " ' n 
riE'iXfO) define a w-parameter íamily of (n —l)-planes in P '" '* , 
say Cn-i- Let v,.,(y) be the number of (n —l)-plane8 of Í7,_i which 
contain the point y e P^""" and let r,„_i()/) be the number of 
(n —l)-planes of C,_, which are contained in the hyperplane r] in P ^ i . 
Let dat„.i{y) denote the volume element in P»"-' at y, and let dE'^''~'{r]) 
denote the density of the hyperplanes of P»"~i at »y. Then, the curva
tures (4.3) and (4.5) are clearly equal to 

(4.7) 2 Í : , % ( X " ) = ^ - !vn_Ay)da,„_^(y), 

(4.8) Ktn-un{X')=^Q^^ j v,„_Av)dE»-Hr)) . 

For n = 2, N= '2,r= \ we have a congruence of Unes C, in P* 
and, in a certain sense, the íoregoing curvatures are the mean « order » 
and the mean «class » of the congruence C,. This relation between 
compact surfaces of E* and congurences of lines in the elliptic space P* 
seems to deserve further attention. 

5. A reproductive formula. 

Let Z " c í?"^'. Consider the intersection X ' - * = X" r\E', N<s< 
<n+ N, and assume that X'-' is a compact differentiable manifold 
of dimensión a — N. Let K*IS{X'-'), r<» — N, denote the total ab-
solute cnrvature of JC*"' as a manifold immersed in E'. We wish to 
prové the following « reproductive formula » 

(5.1) C K*';\X·-') dE' = ̂ ^'^ - <^«4#-iQ<.vir-^.-i,-,ir JÍ;* (X«) , 
J „ 0,...0._,0..rOn -TS 

M'CM**" 
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where 

(5.2) »(>«>(»•+ 1)JV . 

Coiisidcr first llio ortliosoiiiil linear spaws £"(0), ií"+*"^(0) through 
a fixed poiiit O and tlic intersection E'-'(0) ^^ B'(0) O ^"+"-'(0), n>r. 
Let (0; «,,<•., f»+jv) be an orthononnal frame and suppose that 
E'(0) is spanned by the unit vectors (e , , . . . , Í!,}» E'~'{0) is spanned 
by K n . •••,''.} iiiKl ¿""+'-'(0) i8 spanned by {e,+,, . . . ,« . , f.f, ^nf,}. 
The density of Í ; ' ( 0 ) in E'+' is 

(•'>·3) d K + * ( ' > ) = (">I.. + lAw,..42A...Aí'>l.n4j») 

A(W2..+ lAWí..+aA...Af02.n4jr) 

A(Wr.,+lAí"r..+2A...Af'>r.»+ff) 

A(w,.,+iAw..,+2A...Aw,,n-ijv) • 

The density ot E' '(0) as subspaces of JB'(O) is 

(5.4) dB',-'(<>)= (w,+,.,Aw,+,..A...AwHi.r) 

A(f'>r+2.lAWr+2.2A···Af'>r4r,r) 

A(fo..iAw..2A-.-Aw..r) 

and as subspace of £"+ '" ' 

(5.5) dE'„;„_,(0) = («>H,..+tA...Awr+i.»4,) 

A (Wr4-2..4-l A • • • A fO,+i.„+j,) 

A(w...4-iA"-A«*.,,+,) . 

Pinally, the density of í,'"+'-'(0) in £"+' is 

(5-6) d í . ' ; t r ' ( í > ) = («'r+,.lAw,4,.2A...A«>r4,.r) 

A (Wr+2.1 A Wr+2.2 A ... A Wr4 l.r) 

A(Wn4*.l AWn4jir.2A-.. AWníJlf.r) • 
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Siiicc we are only interested in the absoluto valué of the densities, 
wc make no question on the order in the exterior products. 

From (5.3) to (5.6) we deduce the identity 

(5.7) (IE'r{0)AdE:^„(0) = dí?r+'y-r(0)Adí:íí-'(0) . 

Aocording to the definition (4.3) we have 

(5.8) S'·';'(A"-') = %^^~~ jfi.-.-r,dE'r{0), 
Oi-r.r 

wliero n, s rs denotes the measure of the («— N — r^j-dimensional 
varioly in E','^{0) generated by the intersection points of E',~'{0) 
with the r-planes in E' which are perpendicular to E^'(0) and are 
contained in some tangent space of X''". From (3.5) and (5.7) we have 

(5.9) J K;!;\x'-'')dE',^y= 

= ^¿•;; ^¿-'-'Ji«.-,-r,dAV,-,(0)Adí;;íi-'(0)Aa>.+,A...Ac<>n+, . 

The form w,+,A...Aw,+, is equal to the element of volume in E"-^ 
orthogonal to E', which is also equal to the element of volume in 
ĵ n+Jf-r orthogonal to E'-' and therefore we have 

(5.10) ííi7r+V_,(0) A Í0.+, A... A «),+, = d^r^'^-, 

(= density of (« — r)-plane8, not necessarily through O, in £"+'-'•(0)) 
and (5.9) gives 

(5.11) J K::i\x'-')dEu,^ 

Applying (3.20) to the (w — r^^)-dimen8Íonal variety Y'"'' in 
ElX^y'^O) generated by the intersection points of ElX'jT'iO) with the 
linear r-spaces of i;»+' which are perpendicular to ^+'" ' (0) and are 
contained in some tangent space of X' and to the (« —r)-plane8 of 
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El\'],''(0) which intersect Y"-'" we have 

(5.12) //._.v_,jvdí;,+,_,= rt n n / * - - , * , 

where / i ,_ , , denotes the mensure of T""'*. 
Thus (5.J1) wrítes 

O i . . . 0 , _ , _ i ( / n+» - r ••• On+ j r - j í ' j - j r - f * J /i._„d-B;;5i-'(0). 
0, . . .0 ._ ,0 . . . .0 ,_ ,0„_, j , 

• • •W-r . r 

This formula and the deftnition (4.3), give the desired formula (5.1) 

6. The case í*+j,_,.j,(Z"): curvature of Chern^Lashof. 

The case r = n+N — l gives rise to the curvature defined by 
Chern and Lashof [11], fl2]. The identity of both curvatures will be 
apparent from the analytical expression of í'*+j,_,, which will be 
given in a subsequent section. Fer the moment, we wish to show how 
the geometrical definition above allows to obtain directly some known 
properties of the Chern-La«hof curvature. 

a) Notice that ;«o(A+jr-i f^ i?"+'-'(0)) in (4.5) is equal to the 
number v of hyperplanes £"+*-' which are perpendicular to a given 
line í?'(0) and contain some tangent space T{x) of X". This number 
is surely > 2 , sinco there are at least the two support hyperplanes of 
X' which arc perpendicular to E^{0). Therefore we have K'+y-tj^iX") > 2 
(theorem 1 of Chern-Lashof [11]). 

For an oriented surface A'̂  (compact) the number of hyperplanes 
of support which are perpendicular to a direction E^O) is >2(1 + g), 
where g is the genus of X ' , related to the Euler characteristic by 
XiX*) = 2(1 —g). Thus we have 

(6.1) KUx.AX')>2{l + 9)=^i-x(X'). 

b) The inequality £^,+j,_,j,(X") < 3, means that there exista a set 
of directions J5>(0) (with positivc measure) such that the number of 
hyperplanes in E"-*' which contain some T(x) and are perpendicular 
to i?«(0) Í8 exactly 2, a condition which Bufñces for X' to be homeo-
morphic to a n-dimensional sphere (theorem 2 of Chern-Lashof [11]). 
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c) AsRume that X' c £"+'{()) c E'^'-^HO). To each hyperplan« 
£"+* in A'"+*+'(0) which is perpendicular to tlio line E\+y+i(<)) and 
containH sonie T(x) corresponda the hyperplanc £»+"-•= E " + ' n B"-*'(0) 
of £"+* which )K perpendicular to the projection E\^„(0) oí El^y^i{0) 
into A'"*'. Accordiiifí to (3.10) we have 

( O ) : 

"í.ntN 

= _^ í v8Ín"+*-^>0d£i+,(C»AdO = ^ ' ( vdEUy(0) = 

By induction on N, we get that the total absoluto curvaturc 
KI^J,_¡ yiX") OÍ X"cE''*'' does not change if we consider X" as an 
immcrsed manifold in E''^*+''D E''^" (Lemma 3 of Chcrn-Lashof [12]). 

7. The case n — rN. Local representation of ihe curvatures K'^niX"). 

Let 05 be a poínt of the manifold X" ímmersed in E"*' and consider 
the frame (oj; e,, e , , . . . , e«+j,) of Sect. 2. The density for r-planes 
through X is given by (3.2) which we will now write 

(7.1) dE:+„{x) = Aa},„ {i = 1,2, ...,r; m= r + l,r+2, ...,n + N) 

where r<n. The density for r-planes El,(x) in the tangent space T(x) 
spanned by e,, e,, ..., e, is 

(T.2) dE:{x) = A(tít^ (i = l , 2 , . . . , r ; T O = r + l , . . . , n ) . 

The densities (7.1), (7.2) refers to the r-space spanned by 
(Ci, e , , . . . , e,). I t is important to note that if r= n, N = 1, the den
sity (7.2) is not defined. Since we have in this case only one E^{= T(x)) 
its average is the same space, so that in this case we must cancel dE^ 
(and the corresponding integrations) in all the formulan in which it 
appears. On the other hand, this case corresponds to the well known 
case of hypersurfaces X" in í/*+» and the curvature here deftned ig 
the absolute valué of the classical Gauss-Kronecker curvature. 

The element of volume of X" at x is 

(7.3) d<7n(a!) = «>iA«>íA...Ao>«. 
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AssumiíiR w = r ^ , tho differential fornís dE'^^yix) and dE!¡,(x)/\ 
Ad<T„(a!) have the same degree, so that we can define a function 
0{x, E^(x)) by the equation (as noted in section 2, the differential 
forms in this equality must be considered as forms in the bundle of 
frames tranfient to A'"; for details, 8ee[13] or [29]) 

(7.4) dí7;+,(j;) = G{x, ¡rjx)) dE:(x)Ada„(x) 

Calling V = v{E'„^¡,) the number of r-planes E'^^¡, which are paral-
lel to E'„+g{x) and belonfí to some tangent spaee T{x) of X", (7.4) gives 

(7.5) ¡ vdK+„{x)==j[ j \G{x,K{^))\dE:(x))Ada„{x). 

Thus, setting 

(7.«) K:,AX") = ¡Q;,A-^)da„ 
i" 

aopording to (4.3) and (7.5), (having into aocount (3.4)), we have 

(7.7) Q%{x) = ^ ' - ^ " + ' - ' ^ ' f \0(x, E:(x))\dE:{x) . 
t/p . . . Un+M-l J 

From (7.4) and (7.1), (7.2), (7.3) we can obtain the expression for 
the «local» sectional curvature 0{x, E^) corresponding to the point x 
and the section El(x) (spanned by the unit vectors ei, e j , . . . , e,). We get 

(7.8) G(x,E'Jdan=ÁM,„ 

{i = 1,2, ...,r; m = n+l,n + 2, ...,n+ N) 

Using (2.5) we get 

(7.9) 0(X,E:(X)) = 

A B + 1,11 -"-11-^1,1 *•«+!,In 

-«•n+I.Sl -An+I . ï í ••• -An+i . in 

•"•n+ir.il •"•n+H.i -^n^jr.Sn 

-«•n+l.rl - '*n+l . r j ••• - ' In+I . r 

the determinant being of order n because n = rN. 
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This formula corresponds to the r-plane spanned by Ci, e,, ..., e,. 
For a general r-plane in T(x) spanned by the set of orthogonal vectors 
e[, e't, ...,e'r of the frame e\ = yae^ (t, fe = 1, 2 , . . . , n) deflned by the 
orthogonal matrix (y^), the elements A„_„ in (7.9) must be sub-
stitute<l by ^ 1 , ^ = y,»)*/».̂ ».»». (fe, wi summed over the ranges 
fe, TO = 1, 2 , . . . , n) as it foUows easily from (2.5) and (2.2). 

In order to evalúate <?*,(a;) we must compute the mean valué of 
\G{x, E'^ix))] over all Eü,(x) {i.e. over the Grassmann manifold G,,„_,). 
Actual evaluation of this mean valué seems to be difflcult. We will 
only consider some particular cases in the following sections. As 
foUows either from the geometrical deflnition or from (7.8), if r=n, 
N = ^, 0{x, El{x)) = O is the classical Gauss-Kroneker curvature of 
X" at the point x, and we have 

(7.10) <?-%=¿;|G|-

8. Local representation of jrj+j,_,,j,(X"). 

The hyperplanes in E"-^ which contain some tangent space T(x) 
of X", may be determined by its normal vector E¡,{x) in the normal 
space to X" a t x, i.e. in the JT-space spanned by the vectors «n+i, 
«»+j, •••,e^+„. Then, instead of the equation (7.4) we consider 

(8.1) dEl^„(x) = Q{x, E),{x)) dE],(x)^da]{x) 

and Jr*+j,_i(Z") may be written 

(8.2) ir:+,_,.,(Z-) = |g:+,_,^(ír) d<r„(ar) 
X" 

where 

(8.3) Q:+ir-i.ir(íc) = ^ r ^ — [ \Q{x,E],{x))\dE),(x). 

»1,W-1 

(8.1), (8.2) and (8.3) show tha t the absolute total curvature 
Kn+B-ijr(^'') coincides with the Chern-Lashof curvature f l l ] , [12] as 
stated in section 6. 

Taking E],(x) to be the line of the unit vector e„+j, and writting 
Ü(x, e^+j,) instead of Ó{x, E],{x)), from (8.1) we deduce 

(8.4) G(x, e„+g)dan{x) = w„+jr.iAw„+j,,,A...AWn+jf,» 
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or, by virtue of (2.5), 

(8.5) (l(x, <•,+,) = ( - l ) "de t (>!,+,.<,) 

with », j = 1, 2,. . . , «. 
If, inatcad of e„+y wp consider the general normal vector 

r-oos0.e,+. (x= 1,2, .... iV), we get 

(8.6) G(x, e) = ( - J ) -de t (cosO.A,,,,,) 

and to get Ql+i,-i_j,(x) (= absoluta curvature at x = Chern-Lashof 
curvature at x) we must evalúate the mean valué of \G(x, e)\ over thc 
(Â  — í)-dimen8Íonal unit sphere (i.e. over co8'0,+co8*6,+.. .+ 
+ cos*d],= 1). Only in some simple cases, this calculation has been 
carried out. 

9. Total (no absolute) curvatures £'«+;r-i.jr(·^")· 

The total absolute curvatures Í*,(X") are easily deflned geome-
trically by (4.3) or (4.5), but their actual evaluation seems to be dif-
ftcult, mainly due to the absolute vàlues under the integral sign in 
(7.7) and (8.3). Prom the anal3rtical point of view, it is much more 
natural to consider the curvatures «deflned » by the same formulae 
(7.7), (8.3) and then (7.6) and (8.2) without the absolute value imder 
the integral sign. We shall denote these no absolute curvatures by 
Qr.„{x) and Ü',.,(Z-) (or Qn+j,-i.Ax) and £:,+j,_,.,(Z»)) respectively. One 
can handle analytically with these curvatures more easily than with 
the absolute curvatures, but for a geometrical interpretation like (4.3) 
or (4.5) it is necessary to provide an orientation (or a sign) to the mani-
folds r , n E*^''~^{0) and some difflculties arise. 

We will flrst consider the case í,+j,_,.j,(X"). We define 

(9.1) Q,+,_,.,(a') = . , - — ( 0{x,EU''))dE],(x) 

where Q{x, Eg{x)) is deflned by (8.5), (8.4) if El,{x) is the line span-
ned by the vector e»+j, or by (8.6) if E],(x) is the line spanned by the 
vector e. Prom (9.1) we define 

(9-2) Z.+,_.j,(X") = JQ,+,-x.,(a;) do,(x). 
X" 
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To calcúlate the meíin valué (9.1) we consider the unit vector e 
011 the line E\,(x), say e = co80.e,+, (« = 1, 2 , . . . , N; COH' '0 ,+ CO8'^0,+ 

+ ... + c o s ' e , = J). We llave 

(9.3) G(x, e)dan(x) = ( - l)"(ede.)A(«'de,)A...A(prff,) 

= A(VOS0t(ü„+i,t+ CO80jtO„+,,(+ ." + CO8 0j,Wn+jr.í) 

wbere in the exterior product on the right-hand side we have 
i-^ 1,2,...,n. 

The forms Wn+,., do uot depend on d,. Thus, in order to compute 
(9.1) we must calcúlate the mean valué of monomials cos*'0, cos^'fl,... 
...poR^''By with A ,+A,+• • • + A , = n over the .N^-sphere co8 '0 ,+ 
+ eos*O4- ... + oo8'0j,= 1. These mean valúes are known: they are 
zero unless all exponent8 A( are even, and in the later case their valúes are 

(9.4) /Í(oo8^.0.... coH^e,) = ^ ^ ^Íy:!:-;r+n-2) 

where A, even, / , + ... + A j , = n and A) = 1.3 ... (A —1). Prom these 
mean valúes, expanding the exterior product (9.3) and using (2.6) 
and (2.8), by some invariant-theoretic arguments dues to H. Weyl [28], 
one can deduce the following explícit form of the curvature Q«+ir-i.,(a!) 
(n even) 

(9-5) Qn+ir-ijiix) = ^,2ñy''HñJ2)\ '''•''•"• •'í-'^'"•'•'•*'•••'•*• ••• •^*.-.(.<...<. 

where à)[',\)l i» equal to + 1 or — 1 according as ( i i i | . . . i , ) is an 
even or odd permutation of (j i j , . . . j , ) and is otherwise zero and the 
summation is over all ñ , »«,•••, n̂ and j i , j , j , independently from 
1 to íi. If n i8 odd, Q„+j,-,j,(x) = 0. Notice that Qn+jr-i.jr ¿oes not 
depend upon N. 

This curvature (9.5) is called the curvature of Lipschitz-Killing 
(('hern-Lal·lhof |11], Thorpe [27]). I t appears in the work of H. Weyl 
on the volume of tubes [28] and in several papers of Chern ([7], [9], [10]) 
and others. The total curvature iC,+,_,,j,(X") (n even) gives the Buler-
Poinoaré characteristic of X", according to the formula of Gauss-
Bonnet: 

(»-6) iir,+,_.,,(A:-) = xi^') • 

The case n—2. For surfaces Z ' c í ? ' + ' , we haveQj,+i. ,=(l/2;r)iï , j„= 
= K¡2n, where K is the Oaussian curvature (2.16). The expression 
of üi(x, e) (9.3) is a quadratic form in the variables cosOj. Under the 
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hypothosis that this quadratio forní ÍH evoiywhero positive or ncpalivo 
(leflnite, wo havc 

Henee we liave 

Kl^,.,= {\l2n)(JKda-JKda) 
D T 

where U = {xeX^; K(x)>(i}, V = {xeX^; K(x)<0}. 
The inequality (6.1) and the Gauss-Bonnet theorem give 

(Kda — (Kda>Í7tÇÍ + g), ïKda + íKda =-2nx{X') =-- 47i{l—g) . 
V r V r 

Thu8, we have: If the quadratic form 0(x, c) (9.3) is everywhere 
deñnite (positive or negative) on the surface X'cE^'", then the fol-
lowing inequalities hold 

(9.7) \Kd<j:>47i, \Kda< — 47ig. 

These inequalities are due to B. Y. Chen [3]. 

10. The case n^N, r = 1. 

If r = 1 and Ci is the unit vector on the line E\(x), equation (7.8) 
writes 

(JO.l) 0(x, ei)da„(x) = ft>,.n+iAwi.«+iA."Ao>i.,4jr • 

For the general tangent vector e = cosO.e, (i = 1, 2 , . . . , n) we have 

(10.2) G(x, €¡) = ^(co80,w,.,+,+ eO80jWj.„+,+ ... + eo80,fo,,„+,) 

where s = 1, 2 , . . . , N. 
Aceording to (7.7) we have now 

(10-3) Q . . , ( x ) = ^ ^ — {Q(x,e)dE\(x) 
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*•<'• Qi.*{^) '8 the mean valué of G(x, e) over the unit sphere co8*0i + 
+ cos^Oj-f ... + ('OK'0„= 1, which may be evaluated by the Bame 
method of H. Wcyl of the preceding Rection. The rcsult is Qi.„(x) — O 
\i n=^ N is odd and 

(10.4) Qi.]i(^) = 2Í^(2ñ)''i*{nl2)} '»'•'••'""^"•"•^••^«•«•w· ••• •'̂ ««-•«»<.-i<. 

where a»= « + ü {h= 1,2, ...,n) if n = N is even. 
Notice that Qi.y(X) depends on the imniersion. 

ExAMPLK: For n= N = 2, r = 3 , having into account the pro-
perties of symnietry (2.12) we get 

(10.5) <? . , , (a ' ) -¿ i? ,4 ,2 . 

11. The cases » + ^ < 6 . 

In the followinjjf sections we wish to consider some particular cases. 
For n 4 - J V < 6 , the conditions n = rN and r=n-^N — 1 givo the 
foUowing possibilities: 

a) n = '2, N= .1, r = 2. Corresponds to the classical case of sur-
faces A '2c£ ' . We have Q,,I(ÍF) = (l/2:r)JC, JC = Gaussian curvature. 
Consideration of ^J,, and K^_¡ gives rise to interesting problema (Kui-
per[17], Willmore[29]). 

b) M = 2, iV̂  ^ 2, r — 1 and n = 2, ^ = 2, r ^ 3. These cases cor 
respond to X'^cE* and will be considered with detall in the next 
section. 

c) n = 3,N=3,r = l: X'cE*. Particular case of the case 
considered in sections 7 and 10. Since n — N=3, is odd, we have 
QUx) = 0. 

d) w = 3, JV = 2, r = 4: X*cE^. Particular case of the case con
sidered in section 9. Since n = 3 is odd, we have Q«,,(a!) = 0. 

e) n = 3, J\r = 1, r = 3 : X>cE*. Hypersurfaces in E*. Qi.i(x) = 
= (2n^)-^K {K = Gauss-Kronecker curvature). 

/) n = 3, N= 3,r= 5: X*cE*. Particular case of the case con
sidered in section 9. Qt.t{x) = 0. 

g) n= i, N =l,r= i: X*cE*. Hypersurfaces in E*. Qi.M) — 
= (87t2/3)-'iC (JC = Gauss-Kronecker curvature). 
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h) n= 4, N ='2,r=2: X*cE*. Tliis is a iioUíworthy case 
which will be discussed in sectioii J3. 

i) n = 4, N = 2,r=: ?>: X*cE*. Particular casc of thc casc con-
sideicd in section 9. 

j ) n = 6, N = l,r= ñ: X*cE*. Particular casc of tíic case con-
sidcrcd in section 9. 

l'J. Surfaces in E*. 

We will consider separately the cases a) n = 2, N = 2, r = 3, and 
b) íi--=2, A r = 2 , r = 1. 

o) The caite n = 2, N = 2, r = 3. Putt inp 0, = 0, 0, -= (nl2) — 0 
into (9.3) we have 

(J2.1) G{x, e)fu,Awi= co8''0w„Awji+ 8Ín»0ft>tiAw« + 

+ 8Ín0co8fl(w„A'i'«i4- "j^iAf'jj) • 

The density for lincs about a point in E^ is dE\(x) = dO and thus 

i» 

(12.2) \fí(x, e)(o^A(t)i^dO = :7i(wiiAft>.s+ w«iA<<»4: 
0 

Thcrefore we have 

"Atl-

(P2.3) Qai(a')ft)iAwí= r-(wjiAf<>j! + '«íiAtOü) . 
¿71 

TheGauBsian curvature of Jf« at x is deflnedby<ifo,i= —ír(ír)(o,Af'<j. 
Thus, according to (2.3) and (12.3) we get 

(12.4) <?..,(a;) = ¿ X ( a ' ) . 

Integration over X* and application of the Gtauss-Bonnet formula 
for surfaces, gives ií',,,(X') = z(- ï ' ) , in accordance with (9.6). 

We will now consider the absoluto curvature Qj.,. To this end it 
is convenient to introduce the normal curvatures of Otsuki 119]. 
Notice that the form fo»iAw4,+co^iAw»! remains invariant undcr ro-
tationg Cl -> cos oe, + sin a«,, c, ->- — sin oCi + cos oe, on the tangent 
plane, but it can be annihilated by a suitable rotation on the normal 
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plañe <",, e .̂ Henee, choosing a suitablo pair c., c« o£ normal unit 
vííctors one can get 

(12 .5 ) w , i A ( W 4 f + í o « i A « u = O . 

Then, assuming that the forms ŵy refer to the new frame, we de
fine tlie normal curvatures A„,//„ (Otsuki's curvatures) by 

(12.H) W 3 l A W „ = AníOiAWj, « 4 l A W « 2 = / í n W l A W í 

so that accordinf; to (J2.3) and (12.4) we have 

(12.7) A«+/^n= iC= (lauss curvature . 

Having into account (12.5), equation (12.1) writes 

(12.8) G{x,e) = coñ'eX^+ñin*efin 

where we may assume 

(12.9) A«>/í,. 

If An/i„>(), the absolute curvatura at x is 

(12.10) Ql,(x) = ^ j\G(x, c)|dO - ¿ |An + /in\ = ¿ l-íf 1 • 
o 

If A,jU„ < O we notice that 

k„co»*d + fi„»in*d>0 if |fl|< arctanV—A,/^,, 

AnCO8»0 + jUn8Ín»0< O if arctau\/—A.//í,< |fl|<Ji/2 

and 

In Hit 

\\0(x,e)\dO= iUX^cos^e + fi,»\n*e\de = 
o o 

= i{V-ÀnH„ + (An -l-iU.)(arctan \/-A„/jU,-7i/4)}. 

Therefore we have 

o „ _ 

(12.11) Q?.,(a;) = -{V-l,fin + K{aTctanV- XJ/Xn-n/i)}. 

We shall do two simple applications of the preceding results. 
25 
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i) If X' Í8 orientable and K —?.„-{- fi„^ 0 (flat torns), we have 

KtMX') = ^^JLda, 

A])i)lyin{r the inequality (6.1), haviíif; into account that üf ^ 0 
iniplics g^ 1, wo get the foUowing inequality of Otsuki |19]: 

j^,da,>'27iK 

ii) If /í„>(), A„>0 , we have Q*^^ Kj'iTi and the Gauss-
Bonnet theorem gives 

K , =J(?.*.d(Ta = ¿ J-B '̂í'̂ 2 = Z(^' 

Inequality (tíJ) gives then ;f(A'«)>2 and we have the following 
theorem of rhen f4 ] : if / /„>0, A„ > 0, thcn X' is homeomorphic to 
íi 2-sphere. 

6) The case n = 2, ^ = 2, r = 1. This is a particular case of that 
considered in section 10. Putting e = co80ei+ sinfljCj, (10.2) becomes 

(12.12) Oix, c)ftj,Awi= (co80w,j+ sinOwjj) 

A (co8 0f/>u+ sinOwj,) 

= cos=0(o,jA(Ou+ 8Ín''0ío„Aw24+ sin6co86(w,jAf')2t+ WjsAwu) • 

The form WisAwi4+WJÍAWU remains invariant under changes of 
frames in the normal plane, but by a suitable rotation ei->co8aei + 
+ 8ina<'j, P j ^ —8inae ,+cosacj in the tangent plane, we may at-
tain that 

(12.13) (o „A( í> ,«+ fo , jAw„= 0 . 

Assuming the frame (ar; e,, c,, e,, 64) chosen in such a way that 
(12.13) holds, we put 

(12.14) fi>„A«>i4= A,WiAw,, to2jA«>M=/í(W,Ao>, 

where A,, /n, are the tangent curvatures of X* a t x. 
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Tlie ('urvaliirc Ç,.2(.r) is then 

in 

(12.15) Q,_,(x) - ¿ Í(A, coK«0 + /z, sin»0)rfe = ¿ (^ + //.) 

0 

iuul tlie íibsoluti! curvaturc takes the vàlues 

(12.16) 

aiul 

(12.17) Ql^{x) = —(V— k,fi,+ U, + fi,)(^rcUinV— À,ln, — nH)} 

71 

if A,/<, < 0 . 
If we compare with the preceding case Çj'.,(aT) we observe that, 

instead of the Gaussiaii curvature K, we now have the invariant 
I —- ?.,-\- fil, Hxich that 

(12.18) /w,AWï= Ui+ /Mi)wiAw,= WisA<Wu+ W2sAw24 • 

Notice that du)n——7co,Ao>, and therefore, since every orientable 
X^cE* has a continuous field of normal vectors (Seifert [26]), from 
the Stokes theorem foUows that 

(12.19) dwn = —I /«>, Awj = 0 

i.e. the invariant I(x) does not give any non trivial invariant by inte-
gration over X^. 

The curvatures A,,;U,, A„,/i, are not independent. From their 
deftnition follows easily that 

(12.20) A i . / Í « = A,jM, 

The invariant / has been introduced by Blaschke [2] and, from 
a more topological point of view, it has been considered by Chern-
Spanier [13]. I t is easy to see that I (like K) remains invariant under 
changes of frames (ei, e,) on the tangent plane, and also under changes 
of frames (e», e^) on the normal plane. From (13.18), using the equa-
tions (2.5) one gets 

(12.21) 1 = -^3.11 - ^ 3 . U 

+ 
• « • j . í i - ^ a . ï 

-a.4.21 - ^ 4 . 2 
= -Ba. 
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13. Manifoldl·l of dimenHÍon 4 immerged in E*. 

Wo will uov, consider thp casc 

H = 4 , A' ^ 12 , r = 2 

According lo (7.8), if El(x) is thc ü-plane spaniicd by f,. Cj we have 

(33.1) (}(x, {r,, f j ) d<T, --^- WisAwi.AwisAw.. • 

For thc general 2-Hpaoe El(x) spanncd by tlic vectors e'i — yt^e^, 
e't = ?>»«» {h = 1,2, 3, 4), we have 

0(x, {«I, cí})rf(T«= >',„y,»,y,»,y,».(-)»,,A'o».«Aw».5AwM = 

1 i yi», yih. 

y« . y-.». 

yi», yi», . . . 
i f"»,$Af'>MAw»,»AwM • 

Instead of evaluatiiiK the integral at tho right side over 0,., it 
i8 easier to observe that for any frame {e'¡, e'^, e^, e'^) the sum 

(13.2) ,S'' =T ^(o'u/\a>',^Ao)'n/\oi'n 

wliere the sumniation i» over all permutations of t, j from 1 to 4, does 
not depend on the orthogonal frame K , ei, «i, e^}. Indeed, setting 
K — ytii^h ' " (13.2), we have 

* (í.i) v>», y<». I 
" > » , » A W M A W » , , A W » , I 

where the dunimy índices h, take the vàlues 1 ,2 ,3 ,4 . Having into 
account a well known theorem on orthogonal matrices which states 
that any minor is equal to its complementary, and since det(y(>) = 1, 
we get 8'= S= 2^«Aw.«Aw«A«>,e-

U.l) 
Consequently S is equal to its mean valué over O,., and accordíng 

to (3.6) we have 

(13.3) ^^•^^^^'^^-,ok'-L'-
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In terms oí tlie invariants J?,,»» an easy calculation gives 

(13.4) Q,Ax) -1 
•0.5(1 - ^ K I - '«• l í l - ^ « | 4 

•A-m •A.^ii Aiii -A«/« 

- " • • í l - " • • í t -'*»<» - ' l « i 4 

•A-m -A-tn -4.»<» -A-^n 

a \ 2 (-BííH-Rí»* + -B.;u-K>/24 + -R|>U-R./«j) 
o'l (*.« 

It is noteworthy that this invariant does not depend on the im-
merHion oí X* into &. The total curvature JC,,,(Z*) coincides, up to 
a constant factor, with a topological invariant introduced by Ghern |8]. 
For a topolofíJcal sphere we liave Z,,,(Z*) = O (as follows from ii) of 
section 4). Samelson |2J] has given examples of manifolds for which 
X,.,(X*)^0. It can be seen that the differential form (13.1) defines 
the Pontrjagin dass p, of X* (see Chern [9]). 

Tostó pervpnuto il 21 maggio 1973. 

Bozzc licenziate il 18 giugno 1974. 

BIBLIOGRAPHY 

[1] C. ALLENDOERFKK - A. W E I L , The (lauts-Bonnet theorem for Riemannian poly-
hedra, Traiu. Amer. Math. Soo., 53 (1943), 101-129. 

[2] W. BLASCBKE, Sulla geometria differenziaU delle tuperflcie 5 , ruello epatio eu-
clideo S;, Ann. Mat. Pura Appl. (4), 28 (1949), 205-209. 

[3] B A N O - Y B N CHKK, A remark on minimal imbedding of aurfaces in Ef. Kodai 
Math. Sem. Rep.. 20 (1968), 279-281. 

[4] B A N O - Y B N CHEN, A noU on the Oauttian curvature of turface» in E**', Tamkang 
J. Math., 1 (1970), 11-13. 

[5] BANG-YKN CHEN, O-total curvature of immereed manifolds, Ph. D. dissertation 
of the author, University of Notre Dame, 1970. 

[6] BANO-YBN CHEN, On the total curvature of immerted manifolds III; surfaces 
in euclidean 4-space, to appear in Amer. J. Math. 

[7] 8. S. CHERN, On the curvature integral in a riemannian manifold, Ann. of Math., 
56 (1045), 674-684. 

[8] 8. S. CHBRN, On riemannian manifolds of four dimensions, Bull. Amer. Math. 
Soc., 51 (1946), 964-971. 

[9] 8. 8. CHERN, La géomitrie des sous-variités d'un éspace euclidien à plusieurs 
dimensions, L'Emieignoment Mathématique, 40 (1966), 26-46. 



390 L. A. Saiitaló 

S. S. CHEKX, On //«! kinemntic formula in Integral (¡eometry, .1. Math. and Moch., 
16 (1966). 101-118. 

S. CHERÍT - K. K. LASHOF, On thc total curraturr oj immersed manijolda / , 
Amor. J. Math., 79 (1957), 306-313. 

S. C'HEHN - l i . K. LAHHOF, On the total curraliire of immerxcd mnnifold» II, 
Michigan Math. J., ."i (1958), 5-12. 

S. (JHEKN - K. iSpANiER, A theorem on orientable mtrjacr/i in fotir dimensional 
apoce, Comm. Math. Helvotici, 25 (1951), 205-209. 

. KEDERER, Ciirvature measurea, Tran». Amor. Math. Soc., 93 (1959), 418-491. 

. HADWKIER, VorUattngen i'iber Inhali, Oberflache und laoperimetrie, Springor, 
Borlin, 1957. 

. FBRUS, Total Abaolutkriimmung in Differentialgeometrie und To/mlogie, Lcc-
ture Noto» in Mathomatics, n. 66, Springer, Borlin, 1968. 

. H. KiTiPKR, On aurfacea in eitclidean three-apaee. Bull. Soc. Math. B(-lgiquo, 
12 (1960), 5-22. 

. H. KuiPER, Minimal total abaolute curvature for immeraiona, Invontionog 
Math., 10 (1970), 209-238. 

()T.suKi, On the total curvature of aurfacea in Kuclidean apoce, J. Math. Soc. 
Japan, 35 (1966), 61-71. 

. D. P E P E , On the total curvature of C hyperaurfaeea in E"+', Amor. J, Math., 
91 (1969), 984-1002. 

. SAMEUSOV, On Chem'a invariant for Riemannian 4-manifoUi», Vrnc. Amer. 
Math. Soc., 1 (1950), 415-417. 

A, SANTALÓ, (leometria Integral en eapacioa de curvatura conatante, l'ubl. 
(lo la Com. Nac. Energia Atómica, Serie Mat., vol. 1, n. I, Buonoa Aires, 
1952. 

[23] L. A. SANTALÓ, Sur la meaure dea éapac^a linéairea qui coupent un corpa con-
vejce et probUmea qui a'y raltachent, Colloque «ur les qüestions de réalitó 
en Geomètric, Liègo (1955), 177-190. 

[24] L. A. SANTALÓ, CurvcUuraa abaolutaa totolea de variedadea contenUtaa en un 
eapacio enclidiano. Acta Cient ifica Compostelana, 5 (1968-69), 149-158. 

[25] L. A. SANTALÓ, Mean valuta an4 curvalurea, Izv. Akad. Nauk. Armjan SSR 
Sr. mat., 6 (1970), 286-295. 

[26] H. SKIFKRT, Algebraiache Approximalion von Mannigfaltigkeiten, Math. Zeits., 
41 (1936), 1-17. 

[27] J. A. THORPB, On the curvalurea of riemannian manifolda, Illinoi.s J. Math., 
10 (1966), 412-417. 

[28] H. W E Y L , On the volunte of tubea, Amor. J. Math., 61 (1939), 461-472. 
[29] T. J. WiL·LMORE, Tighl immeraiona and total abaolute curvalurea. Bull. London 

Math. Soc., 3 (1971), 129-161. 

[10] 

[11] 

[12] 

[13] 

[14] 
[15] 

[161 

[17] 

[18] 

[19] 

[20] 

[21] 

[22] 

S. 

s. 

s. 

s. 

H 
H. 

1). 

N. 

N. 

T. 

W 

H 

L. 


