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Let E be the n-dlmenalonal euclldesn gpace and let L^ be a Knear sub-
space of £ . A convex body K'^ contalned tn L^ can be considered •• a 
(lattened conoex bodu ot £". Ag a convex body ot L^, K^ poageaies the 
mean curvaturea 

A/J (0 ^ </ ^ r - 1) 
deflned by (l). Aa a flattened convex body ot E , K^ poaaegaeg the mean 
curvatureg 

deflned aa tbe limlt ot the mean curvaturea M„ (̂ ) of the convex body 
K^(f> paral·lel exterior lo K^ at the dlatance «, aa e-»-0. 

The parpoae ot the preaent note Ig to prové the formulae (IS), (14), (16) 
which relate the mean curvaturea Af„ and M„ . Aa a conaequence, we 
complete an Integral-geometrlc reault of HEROLOTZ and PETKANTICHIN [for

mula (16)]. 

1. Let K' be a convex body contalned in a linear subspace U of E". Tlie 
boundary a / f is an (r — l)-dimen8Íonal variety of U which is assumed to be 
twice differentiable. 

If Sj (í = l,2,..., r — 1) denote the principal radii of curvature of dK^ at a 
polnt P', the ç-th mean curvature of K'^ (as a convex body of L^) is defined by 

(1) 

where the brackets {) denote the «y-th elementary symmetric function formed by 
the principal curvatures Í/QI and </or-i is the element of àrea of dK' at P'. 

AB particular cases we have: 

Ma = o,_) = àrea of dK', 

A/r-i = Or-i = àrea of the (r — l)-dimen8Íonal unit aphere, i. e. 

(2) ^ - = r(7/,) 

18» 
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For instance, if r = 2, K* 1B a plañe convex figure and we have : 
A/2 = ot = length of the boundary ot K* \ M\ = 'l·x. For r = 8, If /f* Is a convex 

body in ordinary space, we iiave : A/,? = o, = surface àrea of dK*; A/J=integra-

ted mean curvature of ciK*; A/? = 4.<. For r = l , Ml is meanlnglesa; however 
in thlB case we have: 

A/Í_, = 0 r _ , = 0 . = 2 

and consequently we will allways take A/ò = 2. 
We now consider K^ as a flattened convex body of £". In order to define 

its mean curvatures 

A/; (7 = 1. 2 n~\) 

we consider firat the mean curvatures of the convex body K'(t) parallel to / f at 
a distance f (i. e. the set of potnts of £" whose distance to K' is ^ 0 and tben 
pass to the límit as e >- 0. 

The boundary SK^(e) is a twice differentiable hypersurface of E" wlth a 
well deflned normal at each point P\ let P' be the intersection point of K^ (con-
sidered as a convex body of L^) we will say that P belongs to the región {A) of 
!iK'(t); if P ' is a point of òK" we will say that P belongs to the reglón {B) of 

At the points of the reglón (A), the element of àrea of SK^{') is equal to 
»"-'•-• í/0„-r-i</or where dOn-r-í = àrea element of the unit (n — r — l)-dimen-
slonal sphere and dir = volume element of K^. At the points of the región {B), 
the element of àrea of nK^i') is equal to t"*-'dOn-rdor-y where «/<»,-» = element 
of àrea of òK''. Consequently, the ^-th mean curvature of / f («) is given by 

(8) < ( » ) = ; „ - , , / i ¿- • ••• ' -¿- )'''-'•''dO^-r-^dor 

where the principal radii of curvature Ri, = Rh(*) have the foUowing vàlues: 

a) For the points of the reglón (4) It is clear that 

^* = » for A = 1 , 2 , 3 n —r —1 
(4) 

Rl, = -\i for A = n—r,n —r-'r\,...,n — \. 

h) In order to find the vàlues of Ri, = RiS.*) at the points of the región 
(fi), let us consider at each point x of òK^ a frame of n orthogonal unit vectors 
«I, « ( , . . . , « „ Buch that Cl, e( e„-r be constant (independent of x) and 
orthogonal to L^ \ «n-r+i «n-i ^ ^̂ e principal tangents to 9K^ (as a va-
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rlety of L') at the polnt x, and e„ be the normal to SK' contalned in U". The 
vector equation of (tK'i,') will be 

(5) X = X - f N 

where 
n—T 

(6) N = coB í> e„ + ^ cos Í>A e*. 

For each fixed x, X will describe a (n — r)-Bpliere and consequentJy we ha ve 

(7) Rh — > íor A = l , 2, 3, . . . . / I —r. 

For h = n — r + \ " — 1 , by the cquations of OLINDE RODRIGUES we 

have 

(8) rfN. CA = - • ! ; < / 5 A 

where d Sh denotes the arc element on dK''(e) the tangent vector of this arc bcing 
parallel to e^, i. e. 

(9) JSh = dX- tH = d'h-'JN-«h 

where dt/, la the arc element on ñK' tangent to e^. 

From (6), taking into account that the vectors e^, for /i = l , 2 n — r, 
are constant, we have 

cos & 
(10) </N • eA = cos¿>t/e„-eA=:— — d»h (h = n — r-\í n—1) 

"h-a+r 

where eii e« er-t are the principal radii of curvature of dK''. From (8), (9) 
and (10) we have 

(11) *̂ = "^S^+' ^°' h = r,-r + l n-1. 

With the vàlues (4) and (7), (11) we can calcúlate A/^(«) and pass to the lí
mit as í -*- 0. 

There are three possible cases: 

(J) q^n—r. The first integral in (S) vanishes as «-> 0 and the second 
hütegral reduces to 

(12) K=7¿:u I {TT • ••• ' -„'^^;}<^0»·'-''^r^JO„-rdnr-, 

V </ / 
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Tlie aren element of the (n — r)-dimen8Íonal unit sphere may be written 

rfO„_, = BÍn"-''-'i'>sin"-'·-·í>, . . . 9\n9„-.r-td&d9y ... JO„-r-, 

and the integral in (12) must be extended over the half sphere whose pole is the 
end point of the normal to üK'' (contaiued iu L'). The límits of intcgration are then 

0:^9^^, 0:^i>,£;.i 0 = 1, 2 n —r —2), 0 ;é i>„_r-i ^ 2 ' 

and we have 

n/2 
r - 1 \ 

\ 1 ' J 

r - 1 \ 
_\q—n-\-rl Oq j ^ ' ( 

("7') 
(2) 7 = n —r — 1 . The second integral in (3) vanishes as r t-Q and the first 

tends to 0„_ ,_ i o , . Consequentiy 

(U) Ml = - ,1^ 0„-r-.oAKn 
\ q ) 

where a^ ( / f ) denotes the volume of K''. 

(3) q < n — r — 1. Both integrals in (3) vanish as « -* 0, and conseqaently 

(16) tr = 0. 

2. Exjtmples. For the ordinary space, n = 3, we have the following pos-
sibilities: 

a) r = l . K" reduces to a segment of length ». The mean curvatures are 

A/' = 0. A/* = .i*, AfJ = 2.rA/* = 4».. 

b) r = 2. Af is a plañe convex figure; let « be its perimeter and a its àrea. 
We have 

M'=2<' . Af» = -^M^ = -Í^.. A#* = 2A/Í = 4. i . 
0 ' 1 2 0 2 2 1 
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3. An inte^al-geomètric appHcation. The mean curvatures M" are related 
with certaln invarlants H^ of K'' whlch appear In Integral geometry. WJ 
{q = 0, 1, . . . . n —1) denotes the measure of the set of ̂ -dimensional linear spa-
ces of E" which have a common point witií AT''. Analogously, if / f is contained 
in L'', then //J (7 = 0, 1, 2, . . . , r — 1) denotes tiie measure of tiie set of q-ái-
mensional linear apaces of L'' wlüch intersect K'. Tiie invarlants M" and H" 
are related by (see I'), p. 183). 

^ ' ' -2 („ -< , )o , - ,o ,_ , . . . o ,^ ' ' - ' ( i ^ ' / ^ " - i ) 
and 

/ y = ^r~% Or i ••• O r - ? - I j^r n ^ g-^ r — 1) • 
"0 2(r-<,)0,_,0,-, . . . O, " - ' ^'·-'>-'• > 

Consequently, in terms of H'^, H^ the formulae (13), (14) and (15) may be 
wrltten 

(18) / / J = Cf„g / / $+ ,_ „ 

where c,-„ are the following constants: 

- 1 
[n — g) Q„- . . . . Or-, Oq-,_ 
/ n - i y O,-, . . . 0,+,-.„ Ò,_„+,-, 

for q^n — r + \ 

emn = ;; rr U„- 1 fOr q — n — r 
2 ( n - ' 7 ) ( ^ Z l ) 0 , - , 0 , - , . . . 0 , 

Crqn = 0 for q < n — r . 

The formula (16) has been given by HERGLOTZ and PETKANTSCHIN (see ['], p. 
202); however they do not give the explícit vàlues of the constants crgn . 

Example$. 

_ OiOo _ 2 • 2-1 _ O, O, .1 

FACULTV OF SCIENCES (Manateripi received January 8, 1957) 
UNIVERSITY OF BUENOS AIRES 

BUENOS AIRES, ARGENTINA 



194 L. A. SANTALÒ 

BIBUOGRAPHY 

[ ] B. pETKANTicHiN .- Zuttmmtnhatitge zivltehtn den Dlehlen der Linearen Unierraeume Ini 
n-dlmenalonalen Aaiim, (integralgeometrle 6), Abhandiangcn aai dem 
Hath. Sem. Hanaisoben Univ., 11, M9-810, (19M). 

[ ] I.. A. SANTALÒ Sur la menaré de» rtpaeet llnéalres qui coupent un corpi eonoexe ei 
problimee qui e'u rattachenl, CoUoque aur les qneatlona de réalltA en 
0«om4trle, 177-190, Llège, (1S66). 

OZET 

E", a boyntlu Oklldyen uzay ve L'^ de bunun llneer bir alt-niayí olann. 
L'^ nin Ihtlva ettitl Af' glbl btr konveka cUIm, £ nxayinda, jra»i blr 
konveka clalm glbl da«0nOlebiUr. K'' eUml, L'' Içlnde tetklk edlleoek o-
luraa, <l) fórmala lie lartf edllen 

ortalama etrlllklerlnl; E" nin yaaii blr konveka clami glbl teltkkt olu-
""»•• AfJ(0^(7:én —1) 
ortalama e^rlllklerlnl haladir. Bo ortalama etrlllkler, K^ elamlne, < nxak-
litinda flxllen K''<') d i | paralel konveka cUmlnln MgW ortalama ejtrl-
llklerlnln, ' u aifira yakUftirmak auretlyla bnlunan, llmltleri olarak ta-
rl( edlllrler. 

Bo makalenln gayeal, bahU konuau M^ ve M- ortalama e^rtllklerl ara-
aíndakl batintiyi Ifade edèn (18). (U), (it) tormollerlnl Upat elmektir. 
Banlarin netlceal olarak da l·laacLorz ve PzTKANTtcHiN In blr formOla ta-

mamlanmaktadir -tormOl (16)-. 


